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Abstract 

Wc study asymptotically flat stationary solutions of four-dimcnsional supergravity the- 
ories via the associated pseudo-Riemannian non- linear signia models in three spatial 
dimensions. The Noether charge ^ associated to is shown to satisfy a characteristic 
equation that determines it as a function of the four-dimensional conserved charges. The 
matrix is nilpotent for non-rotating extremal solutions. The nilpotency degree of 
is directly related to the BPS degree of the corresponding solution when they are BPS. 
Equivalently, the charges can be described in terms of a Weyl spinor j*^) of Spin*{2J\f), and 
then the characteristic equation becomes equivalent to a generalisation of the Cartan pure 
spinor constraint on I'rf). The invariance of a given solution with respect to supersymmetry 
is determined by an algebraic 'Dirac equation' on the Weyl spinor j*^). We explicitly solve 
this equation for all pure supergravity theories and we characterise the stratified structure 
of the moduli space of asymptotically Taub-NUT black holes with respect to their BPS 
degree. The analysis is valid for any asymptotically flat stationary solutions for which the 
singularities are protected by horizons. The ^)*-orbits of extremal solutions are identified 
as Lagrangian submanifolds of nilpotent orbits of ©, and so the moduli space of extremal 
spherically symmetric black holes is identified as a Lagrangian subvariety of the variety 
of nilpotent elements of g. We also generalise the notion of active duality transforma- 
tions to an 'almost action' of the three-dimensional duality group (5 on asymptotically flat 
stationary solutions. 
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1 Introduction 



Black hole solutions of supergravity theories have been extensively studied in the lit- 
erature [1, 2]. This applies in particular to BPS solutions, that is, to supersymmetric 
solutions admitting Killing spinors (see e.g. [3] and references therein). In this publica- 
tion, we focus on theories for which the scalar fields lie in a symmetric space, which can 
be represented as the quotient of the global hidden symmetry by a maximal subgroup 
[1, 4, 5]. Stationary solutions can then be identified as solutions of a three-dimensional 
non-linear sigma model over a symmetric space <3/Sj* coupled to Euclidean gravity, such 
that the maximal subgroup Sj* is non- compact. The group extends the global 'hidden 
symmetry' group 04 of four-dimensional supergravity; while the latter acts only on mat- 
ter degrees of freedom, the larger group 3 04 also incorporates gravity and the Ehlers 
SL{2,M) symmetry [6]. 

For a large class of theories, the duality group C5 is simple, and then all the non- 
extremal black hole solutions are in ^*-orbits of solutions of pure Einstein theory; indeed, 
all of these solutions can be obtained through group theoretical methods [1, 2]. The 
Noether current associated to the duality symmetry gives rise to a charge ^ lying in 
the Lie algebra g = Lie(0). We display the physical content of this charge in terms 
of four-dimensional quantities. Imposing regularity conditions on the solution requires 
that 't^ satisfy a characteristic equation which determines non-linearly as a function 
of the conserved charges of the four-dimensional theory, i. e. the Komar mass, the NUT 
charge and the electromagnetic charges. Consequently, they transform all together in a 
non-linear representation of the group Sj*. 

Our results are based on an extension of the general classification of three-dimensional 
supergravity theories [7] to theories with Euclidean signature which characterise the sta- 
tionary solutions of supergravity theories in four dimensions. For A/'-extended supergrav- 
ity, the group Sj* is the product of the group Spin*{2M) (for A/" > 1, a non-compact real 
form of the group Spin{2M) appearing for Lorentzian supergravities [7]) with a symme- 
try group determined by the matter content of the theory. The charge matrix ^ can 
then be associated to a charge state vector |^) which transforms as a Spin*{2M) chiral 
spinor. For asymptotically flat solutions (flat in the sense of Misner [8], i.e. including the 
asymptotically Taub-NUT ones) the BPS condition is equivalent to an algebraic 'Dirac 
equation' (see (2.45) for a precise formulation) 

m = Q (1.1) 

where the 'momentum' e is the asymptotic supersymmetry parameter (Killing spinor) 
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transforming in the (pseudo-real) vector representation of S0*(2N'). This equation fol- 
lows from the dilatino variation, which in three dimensions carries all the essential infor- 
mation about residual supersymmetries. Equally important, (1.1) determines the charge 
^ for BPS solutions as a function of the conserved charges of the four-dimensional theory 
in terms of a simple rational function, whereas the generic non-BPS solution of the char- 
acteristic equation is generally a non-rational function. For A/" < 5 pure supergravities, 
the characteristic equation for the charge matrix ^ simply reduces to the Spin*{2N') 
pure spinor equation for the charge spinor |^), and can be solved in full generality. 

In order to identify the general conditions on charges for various BPS degrees, we 
solve equation (1.1) systematically for all pure supergravity theories (the Af = A theory 
coupled to n vector multiplets is also considered in the last section). In this way we are 
able to provide a systematic classification of BPS solutions for all supergravities. Our 
analysis encompasses previous work on BPS solutions, such as, for instance, the BPS 
asymptotically Minkowskian stationary black holes solutions in A/" = 2 supergravity [9, 
10], whose classification became possible through the discovery of the so-called attractor 
mechanism [11] (see [12] for an introduction to the subject, and [13] for an extension of 
these results including corrections). In addition (and amongst other results) we are 
able to prove the conjecture of [14] on the vanishing of the horizon area for 1 and | BPS 
solutions to A/" = 8 supergravity. We then conjecture an expression for the horizon area of 
asymptotically Taub-NUT BPS black holes, which turns out not to be -^7(7) invariant in 
general. Moreover, neither the horizon area, nor the surface gravity are invariant under 
the action of Spin* (16), but the product of these two is proportional to the square root 
of the -^8(8) invariant Tr ^ 

The moduli space of stationary single-particle solutions admits a stratified structure 
whose filtration corresponds to the BPS degree in pure supergravity theories with A/" < 5. 
The strata of BPS degrees {n/M) then can be given as coset spaces 9)* /^n which we 
identify explicitly in terms of the isotropy subgroups 5„ C S^* of the given charges. 
We also describe the moduli space of stationary single-particle solutions of A/" = 6 and 
A/" = 8 supergravities. In these cases, the stratification is slightly more involved. We 
show that the BPS degree is characterised in a 0-invariant way by the nilpotency degree 
of the charge matrix ^ in both the fundamental and the adjoint representation of q. 
Another main new result of this work is the demonstration that these BPS strata, initially 
obtained as orbits of the asymptotic-structure-preserving group are diffeomorphic to 

"'^For rotating solutions this also involves the angular momentum per unit of mass, which is also left 
invariant by the action of Spin* {IQ) . 



3 



Lagrangian submanifolds of nilpotent orbits under the adjoint action of (5. 

We also generalise the notion of active duality transformations [15] to the case of 
three-dimensional Euclidean theories. Unlike in four dimensions, this procedure fails to 
define a Lie group action because of the singular behaviour of the action on the BPS 
solutions. This failure is directly related to the failure of the Iwasawa decomposition 
when the maximal subgroup ^* C 65 is non-compact: the elements of mapping non- 
BPS to BPS solutions are precisely the ones for which the Iwasawa decomposition breaks 
down. We will explain in some detail how the BPS strata are related to the 'Iwasawa 
failure sets' in <3. 

A chief motivation for the present work was provided by the general conjecture of 
[16] (see also [17]) according to which the global hidden symmetries (5 of supergravity 
become replaced by certain arithmetic subgroups 0(Z) C in the quantum theory,^ 
and to explore whether and in what sense this claim can remain valid as one descends 
to three dimensions. This case cannot be simply extrapolated from higher dimensional 
examples, because it differs from those in two crucial respects: (1) unlike in dimensions 
d > 4, the central charges of the superalgebra no longer combine into representations 
of the global hidden symmetry group (S [18], and (2) the quantisation condition would 
now also apply to the gravitational charges (mass and NUT charge) [19]. For maximal 
supergravity, our analysis leads us to the conclusion that the quantum moduh space of 
maximal supergravity solitons is not described by a lattice in the adjoint representation 
of an arithmetic subgroup of -£^8(8) • 

We will argue that the singular behaviour of the duality transformations on the subset 
of BPS solutions within the space of all stationary solutions might be resolved at the 
quantum level. This conjecture is based on our description of the ^*-orbits as Lagrangian 
submanifolds of the C5-adjoint orbits of the corresponding charge matrix: if there is 
no representation of the duality group (5 on the moduli space of asymptotically flat 
stationary solutions, there might nevertheless exist a unitary representation of C5 on the 
space of functions defined on this moduli space. The action of & on the adjoint orbits 
induces a unitary representation on the spaces of functions supported on these Lagrangian 
submanifolds, that is on the moduli space of solutions. We speculate on an interpretation 
of the formula for the Eisenstein series obtained from the minimal unitary representation 
of C5 [20, 21] in terms of observables of the quantum mechanics of a particle living in the 

^The main example here is maximal Af ~ 8 supergravity [4] whose global symmetry 64 = £^7(7) is 
broken to Er{1i) = -£^7(7) H Sp{56, Z) upon quantisation, where the symplectic group 5p(56, encodes 
the Dirac-Schwingcr-Zwanziger quantisation condition for the electromagnetic charges. 
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moduli space of | BPS black holes, kscorr Whereas such a construction of the Eisenstein 
series seems meaningful in the study of the moduli space of particle solutions, the naive 
generalisation of higher dimensional formulas for Eisenstein series as sums over a lattice 
representation of 0(Z) should not be interpreted as a sum over the quantised charges. 

An interesting problem for future study will be the extension of the present results to 
solutions with a lightlike Killing vector [22], which are plane- wave when they are BPS (see 
e.g. [23] and references therein). Here we only remark that, in four spacetime dimensions, 
pp-tjpe plane wave solutions cannot be asymptotically fiat because the solutions of the 
transverse Laplace equation decay only logarithmically. 

2 Duality groups of stationary solutions 

In Einstein theory coupled to matter, one generally knows exact solutions only when the 
corresponding metric admits a certain number of commuting Killing vectors, and when 
these isometries furthermore leave invariant the various gauge fields and matter fields of 
the theory. The existence of k such Killing vectors permits elimination of the dependance 
of the solution on k corresponding coordinates, in such a way that the solution can be 
interpreted in (d—k) dimensions. Moreover, specific dimensionally reduced theories admit 
enlarged sets of symmetries which are non-linearly realised on the solutions. When all of 
the reduction Killing vectors are spacelike, the fields of a dimensionally reduced theory 
are defined on a (c/ — fc) -dimensional spacetime and the Hamiltonian of the theory is 
positively defined. By contrast, when one of the Killing vectors is timelike, as a general 
property of timelike dimensional reductions, the action of the dimensionally reduced 
theory is indefinite [1, 2].^ This is not a problem since we are here concerned only with 
the classical equations of motion in an Euclidean-signature reduced theory for stationary 
solutions. 

We will consider Einstein theory coupled to abelian vector fields and scalar fields 
living in a symmetric space. We assume that the isometry group of the scalar coset space 
is a semi-simple Lie group 04 which defines a symmetry of the equations of motion, and 
moreover that each simple or abelian group arising in the decomposition of 04 acts non- 
trivially on the vector fields. The scalar coset space ^4/^4 is a Riemannian manifold 
defined by the quotient of 04 by its maximal compact subgroup Sj^. The various Lie 
groups 04 satisfying these criteria are listed in [1]. We denote by [4 the representation 
carried by the Maxwell degrees of freedom under 04. If we consider only stationary 

^ Timelike dimensional reduction has also been used to generate solutions in [24]. 
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solutions, we can consider them as solutions of a dimensionally reduced Euclidean three- 
dimensional theory. This dimensional reduction yields one scalar from the metric, one 
scalar for each Maxwell field, together with all the original scalars of the four- dimensional 
theory together with one vector field coming from the metric and one vector field from 
each Maxwell field. For a timelike Killing vector, the kinetic terms of tensor fields whose 
rank has been reduced by an odd number come with a negative sign, while the remaining 
fields' kinetic terms are positive (for a spacelike Killing vector, they would all appear 
with a positive sign). This holds, in particular, for the scalars arising from Maxwell fields 
(1 — s> 0) and for the vector field arising from the metric (2 1). After dualisation of the 
vector fields to scalars, the vector field arising from the metric turns into a scalar field 
with a positive kinetic term. The Maxwell vectors become scalars after dualisation, with 
negative kinetic terms similarly to the Maxwell scalars. We will call the latter 'electric' 
fields, and we will call the scalars arising from vectors upon dualisation 'magnetic' fields. 

The stationary solutions of pure gravity admit the so-called Ehlers group [6] as a 
symmetry, yielding a formulation of the theory as an SL{2,R)/ S0{2) non-linear sigma 
model coupled to three-dimensional gravity. This property generalises to Einstein theory 
with matter in such a way that we get an sl{2, R) © 04 set of symmetry generators. The 
scalars arising from the Maxwell fields admit a shift symmetry, since the Maxwell fields 
can be shifted by constants (global gauge transformations) already in four dimensions, 
so the &4 symmetry is enhanced to the non-semi-simple group &4 k [4. After dimen- 
sional reduction to three dimensions, the magnetic scalars obtained by dualisation from 
the vectors also admit shift symmetries, since each dualisation leaves an undetermined 
integration constant. Altogether, these shift symmetries still transform in the [4 of ^4. 
Moreover, the commutators of the Ehlers generators with these shift symmetries generate 
new generators which also belong to the [4 representation of ^4, and which are themselves 
nonlinearly realised on the fields. The whole duality group then becomes a simple Lie 
group [1], for which the algebra admits a five-graded decomposition with respect to the 
diagonal generator of the Ehlers SL{2, R) 

g ^ s[(2, R) © 04 © (2 ® [4) = 1*"'^ © © (1 © QaY"^ © ^4 ^ © 1''' (2.1) 

The maximal compact subgroup S) of this group is generated by the so(2) © f)4 subalgebra 
of s[(2, R) ©04, together with the compact combination of the two [4. Because the scalar 
fields arising from the Maxwell fields have negative kinetic terms, however, the maximal 
subgroup Sj* for a timelike dimensional reduction is a non- compact real form of this 
maximal compact subgroup [1], in contrast to spacelike reductions, for which is fully 
compact. 



6 



The resulting three-dimensional theory is described in terms of a coset representative 

V G which contains all the propagating (scalar) degrees of freedom of the theory, 
plus the three-dimensional metric^ ■y^u which, however, carries no physical degrees of 
freedom in three dimensions. The Maurer-Cartan form V~^dV decomposes as 

V~'dV = Q + P , Q = Q^dx^" e\f , P = P^dx^ G g e f)* (2.2) 

The Bianchi identity then gives 

dQ + Q^ = -P\ dQP = dP + {Q,P} = 0. (2.3) 

The equations of motion of the scalar fields are 

dQi<P = di<P + {Q,i<P} = (2.4) 

and the Einstein equations are 

R^, = Tr P^P, (2.5) 

We will consider in this paper solutions which are asymptotically fiat in the sense 
of Misner [8] (which are not generally to be confused with asymptotically Minkowskian 
solutions). Strictly speaking, by this we mean that four- dimensional spacetime admits a 
function r that tends to infinity at spatial infinity and which defines a proper distance 
in this limit, g'^'^df^rd^r — > 1, and such that all the components of the Riemann tensor in 
any vierbein frame tend to zero as 0{r~^) as r — > +oo. In the same way, the Maxwell 
field strengths are required to tend to zero as 0{r~'^) in this limit in any vierbein frame. ^ 
The four-dimensional coset elements G 64/^34 are required to tend asymptotically to 
the unit matrix as 1 + 0{r~^). In order for charges to be well defined, we also require 
that the timelike Killing vector k, = n'^d^ leaves invariant the function r, that it satisfies 
asymptotic hypersurface orthogonality e^'^"'' nydrjKp = (9(r~^), and that its squared norm 
—H tends to negative unity as if = l + 0{r~^) in the asymptotic region. We assume that 
the action of the timelike isometry on the domain M+ of the four-dimensional manifold 
M on which H is positively defined {i.e. outside possible horizons and ergospheres) is 
free and proper. M_|_ then admits an abelian principal bundle structure whose fibres are 
the timelike isometry orbits and whose base is a three-dimensional Riemannian manifold 

V which is asymptotically Euclidean. For such specific solutions, all the fields of the 

^We denote curved spacetime indices by Greek letters . . . in both four and three dimensions. 
^ More generally, one could consider solutions tending asymptotically to an arbitrary ©4/^34 constant 
matrix, but this can be standardised to the unit matrix by making a 04 transformation. 
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four-dimensional theory can be defined from pull-backs of the scalar fields living in the 
symmetric space C5/^* defined throughout V, and the asymptotic condition in the four- 
dimensional theory is equivalent to the requirement that the coset representative V goes 
to the unit matrix as V = 1 + 0{r~^) in the asymptotic region. 

2.1 Conserved charges 

We define the Komar two-form K = d^j_hiydx^ A dx'^ [25], which is invariant under the 
action of the timelike isometry and which is asymptotically horizontal. The latter con- 
dition is equivalent to the requirement that the scalar field -B, dual to the Kaluza-Klein 
vector arising from the metric by dimensional reduction, vanishes as 0{r~^) as r — > +oo. 
We define a set of local sections of the principal bundle on each open set of an atlas of 
the three-dimensional manifold V , which we denote collectively s. Then we can define 
the Komar mass and the Komar NUT charge as follows [26] 



The Maxwell fields also define conserved charges. The Maxwell equation d-kj^ = 0, where 
JF = 6C/6F is a linear combination of the two- form field strengths F depending on the 
four-dimensional scalar fields, permits one to define electric charges, and the Bianchi 
identities dF = permits one to define magnetic charg GS, clS follows: 



These transform together in the representation [4 of ©4. Finally, the rigid ©4 invariance 
of the four- dimensional theory gives rise to an associated conserved current such that 
the associated three-form J3 transforms in the adjoint representation of ^4, and satisfies 
dJs = if the scalar field equations are obeyed. However, J3 cannot generally be written 
as a local function of the fields and their derivatives in four dimensions. 

We now wish to analyse these conserved charges from the point of view of the three- 
dimensional theory defined on V, and to clarify their transformation properties under the 
action of the three-dimensional duality group 25. In consequence of the invariance of the 
three-dimensional action under this group, there exists an associated Noether current in 
three dimensions. Indeed, the equations of motion (2.4) can be rewritten as 




(2.6) 




(2.7) 



di^VPV 



i-i 



. 



(2.8) 
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Therefore, the g-valued Noether current is -kVPV^^. Since the three-dimensional theory 
is Euchdean, we cannot properly talk about a conserved charge. Nevertheless, since 
^VPV^^ is (i-closed, the integral of this 2-form on a given homology cycle does not 
depend on the representative of the cycle. As a result, for stationary solutions, the 
integral of this three-dimensional current over any spacelike closed surface, containing 
in its interior all the singularities and topologically non-trivial subspaces of the solution, 
defines a g-valued charge matrix 'i^: 



This transforms in the adjoint representation of (& by the standard non-linear action and 
it can easily be computed by looking at the asymptotic value of the current if (as we 
assume to be the case) 



For asymptotically fiat solutions, V goes to the identity matrix asymptotically and the 
charge matrix ^ in that case is given by the asymptotic value of the one-form P. ^ then 
lies in f)* and can thus be decomposed into three irreducible representations with 
respect to so (2) © f)4 according to 



We stress once again that the metric induced by the Cartan-Killing metric of g on the 
coset (2.11) is positive definite on the first and last summand, and negative definite on 



The decomposition (2.11) is in precise accord with the structure of the conserved 
charges in four dimensions as described above. Namely, the computation of ^ permits 
one to identify its s[(2, R) so(2) component as the Komar mass and the Komar NUT 
charge, and its [4 components with the electromagnetic charges. The remaining 34 [)4 
charges come from the ©4 Noether current of the original four-dimensional theory, which 
transforms in the adjoint of ©4. For a stationary solution, Cf^J^ = and ii^J-^ then 
defines a conserved two-form which is furthermore manifestly invariant and horizontal 
with respect to the timelike isometry. Although J3 in general is not a local function of the 
fields and their four-dimensional derivatives, i^Js can be written in terms of the pull-backs 
of the scalar fields of the three-dimensional model for stationary field configurations. One 
thus obtains that the integral of the pull-back 




i-i 



(2.9) 





gei)* = (s[(2, R) so(2)) [4 (54 e 1^4) 



(2.11) 




(2.12) 
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on any homology two-cycle S of V, does not depend on the representative of that cycle. 
An important fact is that the scalar charges, that is, the 340^)4 components oj'^ , will not 
constitute independent integration parameters. This was demonstrated in full generality 
in [1]. We will see that it is natural to impose characteristic equations on the charges, 
with the consequence that the scalar charges become functions of the gravitational and 
electromagnetic charges in the case of pure supergravity theories. We note also that the 
contribution of the angular momentum in (2.10) is subleading (that is, it belongs to the 
(9(r~^) part of (2.10)); hence the conserved charge ^ will be insensitive to the angular 
momentum parameter a. 

Defining the usual generators of s[(2, R), h,e and / by 

[h,e] = 2e [hj] = -2f [e, f] = h (2.13) 

we can summarise what has been said above in the equation 

^VPV"^ = 4s* i<Kh- 4s*K{e + f) + s* + s*F + s*ij^ + Oir^"^) (2.14) 

where the electromagnetic current s* * + s*-F, which transforms under 04 in the rep- 
resentation [4, is understood to be valued in the corresponding generators of 35 with the 
appropriate normalisation. For example, in A/" = 8 supergravity the 28 Maxwell fields 
F^^ transform under S'0(8) C SU{8) as antisymmetric tensors. The compact generators 
of C8(8) so* (16) transform in the 56 of -£^7(7). They are conveniently represented by a 
complex antisymmetric tensor Z^^ of SU{8) and its Hermitean conjugate Zij. Then 

^jr = ^J^.-Z'^ - i^r^Zij F = iFijZ'^ + iF'^Zij . (2.15) 

Note that only the sum + F transforms covariantly under the action of -£"7(7) . 

The charge matrix ^ is associated to "instantons" of the three-dimensional Euclidean 
theory. The single-point instantons correspond to single-particle like solutions of the four- 
dimensional theory. Naively, one would thus expect these solutions to appear in multiplets 
transforming in the linear representation of S)* defined by gOi)*. However, matters are not 
so simple, because the charge matrix is restricted to satisfy Sj* invariant constraints in 
general, so that the number of independent parameters describing these solutions is much 
smaller - as was to be anticipated in view of the dependence of the charges associated 
to the four-dimensional scalar fields on the gravitational and electromagnetic charges. 
This is because the charges parametrising the solutions are the conserved charges in four 
dimensions, that is the mass, the NUT charge and the electromagnetic charges. This, 
in turn, is due to the fact that the particle-like solutions are supported by vector fields 
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through Gauss's law. A useful analogy here is that of a free particle in Minkowski space. 
When the momentum of this particle is timelike, it can be rotated to the rest frame. 
Here, the role of momentum is played by the charge matrix, while the non-compact 
group S)* plays the role of the Lorentz group. The electromagnetic charges belong to the 
[4 representation of 04, just like the non-compact generators of f)*. The action of these 
generators on the Maxwell charges is linear in the scalar and the gravity charges, in such 
a way that for a non-zero value of m'^ + n'^ one can always find a generator that acts on the 
Maxwell charge as a shift parallel to it. This generator of f)* defines an 5*0(1, 1) subgroup 
of Sj* which mixes the electromagnetic charges with the others. For any charge matrix 
satisfying Tr 'i^^ > the action of this abelian subgroup of Sj* permits one to cancel the 
electromagnetic charges. It then follows from the five-graded decomposition of g that 
one can find an element of the compact subgroup of the Ehlers group that cancels the 
NUT charge without modifying the electromagnetic and the scalar charges. It has been 
proven in [1] that a static solution without electromagnetic charges will have singularities 
outside the horizons if the scalar fields are not constant throughout spacetime. In this 
way, a theorem was proved that all static solutions regular outside the horizon with a 
charge matrix satisfying Tr > lie on the ^*-orbit of the Schwarzschild solution. 
This also led to a generalisation of Mazur's theorem, obtaining that all non-extremal 
axisymmetric stationary and asymptotically Minkowskian black holes lie on the ^*-orbit 
of the Kerr solution (with some angular momentum parameter a).^ 

Although the Mazur proof is more difficult to generalise to the case of asymptotically 
Taub-NUT solutions, it is reasonable to conjecture that all non-extremal axisymmetric 
stationary particle-like solutions lie on the ^*-orbit of some Kerr solution. 

It follows, as a corollary, that any Sj* invariant equation satisfied by the charge ma- 
trix ^ of a Kerr solution is also satisfied by the charge matrix of any non-extremal 
axisymmetric stationary particle-like solution. Although there is no general proof that 
all the extremal axisymmetric stationary particle-like solutions can be obtained by taking 
the appropriate limit of a non-extremal solution, so far all known such solutions can be 
obtained in this way. By continuity, any Sj* invariant equation satisfied by the charge 
matrix 'if is also valid for such extremal solutions. Using Weyl coordinates [28], the coset 
representative V associated to the Schwarzschild solution with mass m and its associated 

^For the reader's convenience we recall that Mazur's theorem states that an asymptotically 
Minkowskian axisymmetric stationary non-extremal black hole solution with a non-degenerate horizon 
is uniquely determined by its mass, its angular momentum and its electromagnetic charges [27]. 
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charge can be written in terms of the non-compact generator h of s[(2, IR) only, viz. 

-In h] '^ = mh (2.16) 

2 r+m J ^ ' 

where we have used (2.9). According to the five-graded decomposition (2.1), the generator 
h in the adjoint representation acts as the diagonal matrix diag [2, 1, 0, —1, —2], where 1 
is the identity on [4 and acts on 04 © {h,}. This imphes that 

ad,,^ = Sad,,^ -4adh . (2.17) 

The four-dimensional theories leading to coset models associated to simple groups after 
timelike dimensional reduction have been classified in [1]. They correspond to models 
for which the four-dimensional scalars parametrise a symmetric space whose isometry 
group acts non-trivially on the vector fields. In particular, the list of [1] includes two 
theories for which the three-dimensional duality group is a real form of E^^ namely A/" = 8 
supergravity [4], and the exceptional 'magic' M = 2 supergravity [29] with real forms 
i?8(8) and -E'8{-24)5 respectively. Since the fundamental representation of is the adjoint 
representation, we have, for these two theories, 

= - 4:h . (2.18) 

However, h turns out to satisfy a lower order polynomial equation in general. Indeed, 
for all the other groups listed in [1], the fundamental representation of admits a three- 
graded decomposition with respect to the generator h, in such a way that the latter 
takes the form diag [1, 0, —1]. The three-graded decomposition of the groups listed in [1] 
is displayed in appendix A. It follows that in these cases one has the stronger relation 

= h . (2.19) 

We then define the BPS parameter by 

(2.20) 

with k = Ti > 0, where the normalisation is chosen such that = for the 
Schwarzschild solution. Owing to the indefinite metric on the coset space 00()*, the trace 
Tr ^2 and thus the square of the BPS parameter c can assume either sign. However, 

^This is in contradistinction to spacelike reductions, for which the metric on the coset is positively 
defined, whence Tr = would imply = 0. We thus recover the well-known result that, in order for 
BPS solutions to exist, the Killing vector must be non-spacelike [3]. 



c2 = ^Tr^2 
k 
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negative values of correspond to hyper-extremal solutions which we will not consider 
(such as e.g. the Reissner-Nordstrom solution with = — < 0, which has a naked 
singularity). Hence, the BPS parameter will always be assumed to be non- negative in 
the following. Equation (2.18) then implies that for any solution in the ^*-orbit of the 
Kerr solution, the charge matrix ^ satisfies 



^5 = 5c2^=^ - 4cV 



(2.21) 



For all but two exceptional cases with £'8(8) and -E'8{-24)5 we have the stronger constraint 

= (2.22) 



from (2.19), in which case the fundamental representation admits a three-graded decom- 
position. Then, using the theorem of [1], it follows that these equations are satisfied 
by the charge matrix of any asymptotically fiat non-extremal axisymmetric stationary 
single-particle solution. Furthermore, it follows that non-rotating extremal solutions (like 
the BPS solutions), for which c = 0, are characterised by nilpotent charge matrices ^. 
Note however that the BPS parameter is non-zero for extremal rotating solutions. The 
extremality parameter x is defined as 

? (2.23) 



where a is the angular momentum by unit of mass.^ For an asymptotically Taub-NUT 
black hole, the extremality parameter is equal to the product of the horizon area and 
the surface gravity divided by a factor of An. Neither the horizon area nor the surface 
gravity is left invariant by the action of S)*, but nevertheless x is an invariant. 

The current ^VPV~^ is the representative of a cohomology class of V, and as such it 
defines a linear map from the second homology group of V to Q. 

i.VPV-^ : H\V) — > g 

S ^ . (2.24) 

The algebraic structure of g then permits one to define a non-linear map from H'^{V) 
into the universal enveloping algebra of g for any polynomial T as follows 

T -.H^V) U{g) 

S T(^s) . (2.25) 



^Notc that the definition of angular momentum is sUghtly more subtle in asymptotically Taub-NUT 
spacetimes, nevertheless one can define it unambiguously by requiring the corresponding Komar integral 
to be independent of the local section of U{1) A4+ V [25]. 
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For any stationary asymptotically flat solution regular outside the horizon of any non- 
exceptional model of the list [1], we conjecture that this map vanishes identically on 
H'^iV) for T = — c^^, and moreover that it vanishes for T = — 5c^'i^^ + 4c^^ in the 
exceptional cases of A/" = 8 supergravity and the exceptional M = 2 magic supergravity. 

2.2 Supergravity and BPS conditions 

When considering stationary solutions in supergravity theories, the Euclidean three- 
dimensional point of view is very convenient for obtaining an understanding of the BPS 
properties of stationary solutions. A/'-extended supergravity in four dimensions admits 
U{M) as an R symmetry group for A/" < 8, and SU{8) for A/" = 8. Upon dimensional 
reduction from four to three dimensions, the compact R symmetry U (A/") is enlarged to 
S0{2Af) if the Killing vector is spacelike [7], and to the group S0*{2Af) (non-compact 
for A/" > 1) if it is timelike [1]. It is the latter case that is relevant to the stationary 
solutions considered here. In this case, the group of automorphisms of the 2A/'-extended 
superalgebra in three dimensions is the product of the three-dimensional rotation group 
SU{2) and the R symmetry group Spin*{2M). 

The fields of pure A/'-extended supergravity are in one-to-one correspondence with 
the p-form representations of U{f/), where p is even for the boson fields, and odd for 
the fermionic fields. For A/" = 8, there is no U{1) factor, and the p-form representations 
are related by duality to the complex conjugates of the (8 — j9)-form representations, 
while scalar fields are complex self-dual {i.e. pseudo-real). As we will explain, there is a 
similar pattern for the conserved charges of the stationary solutions: the mass and the 
NUT charge correspond to the trivial representation of S't/(A/') while the electromag- 
netic charges correspond to the 2-form and the 6-form representations of SU{N') and 
the scalar charges correspond to the 4-form representation of SU{N'). After a timelike 
dimensional reduction, these then combine to form the full charge matrix ^ of pure A/'- 
extended supergravity, which will be shown to be equivalently described by a state \'to) 
transforming in the Weyl spinor representation of Spin*{2M). Likewise, and in anal- 
ogy with the spacelike reduction of [7], the bosonic and fermionic fields are assigned to 
spinor representations of Spin* [2]^), and are transformed into one another by the action 
of 2A/' extended supersymmetry, with the supersymmetry parameter belonging to the 
(pseudo-real) vector representation of S0*{2M). 

Following [7] one can now in principle classify all possible locally supersymmetric 
theories systematically by studying the restrictions that supersymmetry imposes on the 
target space geometries. Here we will not work out the complete Lagrangians, but will 
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concentrate on the relevant supersymmetry variations. Furthermore, we will limit at- 
tention to the smaller class of theories obtainable by dimensional reduction from four 
dimensional supergravities, and whose scalar sectors are governed by irreducible sym- 
metric spaces. A list of such theories can be obtained by matching the tables of [1] with 
previous results on spacelike reductions of [7]. The Kahler symmetric spaces can be found 
in [30], and the special Kahler symmetric spaces have been classified in [31]. 

For M = 1 supergravity theories, the internal symmetry group is the product of 
Spin* (2) = U{1) and a group associated to the matter content of the theory. A list of 
the relevant theories is given in Table I below, with the number of vector and scalar 
supermultiplets in four dimensions given in the third and fourth columns, respectively. 







Vector 


Scalar 


SU{l+m,l+n) 


U (m.n) 


m + n 


mn 


U(l)xSU(m,l)xSU{l,n) 


U{m)xU(n) 


S'0*(4+2n) 


SO*{2n)xSU{2) 


2n 




U{l)xSU{2,n) 


U{n)xSU(2) 


2 


Sp{2+2n,n) 


5p(2n,]R) 


n 


n{n+l) 


U{l)xSU{l,n) 


U{n) 


2 


■^7(-25) 


SO(2,10) 


16 


10 


U{l)xEa(_i4.) 


50(2) X 50(10) 



Table I : Irreducible homogenous spaces of = 1 supergravity 
For A/" = 2, the internal symmetry is the product of Spin*{^ with a group associ- 
ated to the matter content of the theory (vector multiplets or hypermultiplets). Now, 
Spin*{4:) = SU{1,1) X SU{2), where the SU{2) factor acts only on the scalar fields 
belonging to hypermultiplets, and on the fermions. The theories that can be analysed 
within the present framework have vector multiplets but no hypermultiplets in four di- 
mensions (the number is given in the third column of the table below). These models 
are displayed in Table II. 

For A/" > 3, the possible supergravity theories are much more constrained, and the 
target spaces must be symmetric spaces.^ When J\f = 3,4, we can still couple in an 
arbitrary number of matter multiplets, whereas for A/" > 5 the theories are uniquely 
determined. The complete list is given in Table III below. Note that we need to invoke 
the low rank isomorphisms Spin*{Q) = SU{3, 1) (for A/" = 3) and Spin*{8) = Spin[6, 2) 
(for A/" = 4), respectively, in order to match the tables with the general theory. 

^Whereas this is not true for the N <2 theories, cf. [7]. 
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0/^* 


654/^4 


Vector 


5(7(2, 1+n) 


(7(1, n) 


n 


SU{l,l)xU{l,n) 


(7(1) X (7 (n) 


Spin{A,2+n) 


5(7(1,1) 50(2,n) 


l+n 


5(7(1, l)xSC/(l,l)x5pm(2,n) 


(7(1) (7(l)x50(n) 


^2(2) 


5C/(1,1) 


1 


5C/(l,l)x5C/(l,l) 


U{1) 


■^4(4) 


5p(6,R) 


6 


5(7(1, l)x5p(6,R) 


(7(l)x5(7(3) 




5f/(3,3) 


9 


5(7(1,1) X 5(7(3,3) 


(7(1) X 5(7(3) X 5(7(3) 


■^7(-5) 


50* (12) 


15 


5(7(1, l)x50*(12) 


(7(l)x5(7(6) 


-E8{-24) 




27 


5t/(l,l)xE7(_25) 


(7(l)x£;6(-78) 



Table II : Irreducible homogenous spaces of = 2 supergravity 



N 




654/^4 


Vector 


3 


5C/(4,l+n) 


(7(3,n) 




5C/(3,l)xC/(l,n) 


(7(3)x(7(n) 


4 


50(8,2+n) 


5(7(1,1) 5pm(6,n) 




50(6,2)x50(2,n) 


(7(1) 5C/(4)x5pm(n) 


5 


■2^6 (-14) 

5pm* (10) X (7(1) 


5(7(5,1) 
C/(5) 





6 


-E7{-5) 


5pm* (12) 





5pm* (12) X 5(7(1,1) 


C/(6) 


8 


-£'8(8) 

5pm* (16) 


-£'7(7) 

5(7(8) 






Table III : Homogenous spaces of > 3 supergravity 



Let us now discuss the supersymmetry variations relevant to the BPS analysis in more 
detail. For the Lorentzian case [i.e. for a spacelike reduction), the relevant (massless) 
supermultiplets were already described and studied in [7]. As shown there, these super- 
algebras and their (massless) representations can be completely characterised in terms of 
the real Clifford algebras 

{V\V-^} = 25^^ for J, J,... = 1,...,2AA (2.26) 
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Here we must perform a similar analysis, but with S0{2M) replaced by S0*{2J\f) whose 
maximal compact subgroup is U (Af) (by definition). Since the 2A/'-extended Minkowskian 
superalgebra thus admits a Clifford algebra construction from C1(2A/', R), we will look 
for an analogous construction for S0*{2M) making use of the complex Clifford algebra 
C\{N , C). Because the group Spin*{2Af) and its irreducible spinorial representations are 
perhaps less familiar, we summarise some relevant results in appendix B. Besides the 
use of manifestly U (A/") covariant notation, the crucial tool here is the use of fermionic 
oscillators defined by (see e.g. [32] for a pedagogical introduction) 

a^ := ^ (r2._i + zr2.) , a' = (a,)t = i (t2.,^, - tV^?) (2.27) 

for i, j, ■ ■ ■ = 1, . . . , A/". These obey the standard anticommutation relations 

{a,, aj} = {a\ = , {a,, a^} = b\ . (2.28) 

As we will see this formalism greatly facilitates the analysis of the BPS conditions. 

Making use of the fermionic oscillators introduced above we will thus express the 
various fields in the spinor basis generated by the creation operators a* acting on a 
'vacuum state' |0) (which is annihilated by all the Oj). Accordingly, for A/" = 5,6,8 the 
coset components P^dx'^ of the Cartan form are represented by the state 

|P,) = (P;' + P;^>^a^- + P^l^fi^a'a^ + . . . ) |0) . (2.29) 

For A/" < 4, an arbitrary number of matter multiplets can be coupled and therefore the 
state |P^) carries an extra label A to count the matter multiplets. Inspecting the Sj* 
groups in the Tables we see this extra label is an S0{2,n) index for A/" = 4 (cf. our 
discussion of matter-coupled A/" = 4 supergravities in section 6), an SU{l,n) index for 
A/" = 3, and so on. Furthermore, the state |P^), or the states \P^,A), in principle must 
satisfy an irreducibility (reality) constraint as explained in appendix B. However, when 
the group Sj* contains an extra U{1) factor besides the R symmetry group Spin*(2A/), the 
representation (2.29) becomes complexified, so we only need to impose a reality constraint 
when no U{1) is available, such as for instance M = 2 supergravity with exceptional 
or C5 = 5*^^71.(4,2 + n). The case A/" = 6 can be obtained by a consistent truncation 
from A/" = 8 (see Section 2.2); for the latter, there is again no U{1) factor in and we 
need to require |P) = *|P), which expresses the well known self-duality of the A/" = 8 
multiplet. Similarly, the physical fermions are represented by the anti-chiral state 

\x)a = (i^aia' + Xaijka'a^a'' + . . . ) |0) (2.30) 



17 



(We use the letter ipi for degree-one components, because these originate from the 4- 
dimensional gravitinos, while the Xijk originate from the 4-dimensional spin-i fermions.) 
Again, this representation must satisfy an irreducibility constraint for A/" = 8, namely^" 

(*|x)r = ^"^lx)/3. (2.31) 

The Sajs here is necessary because the anti-chiral representation of Spin* (AM) is pseudo- 
real, with twice as many components as the real chiral spinor. It is thus the additional 
spatial SU (2) symmetry that restores the boson fermion balance required by supersym- 
metry. For theories with an arbitrary number of matter multiplets the fermionic state 
acquires an extra label, just like the bosonic state. 

While the U{N') transformation properties of these states are manifest, they transform 
as follows under the non-compact generators of Spin* (2//) (cf. appendix B): 

6 \P,) = ^ (A*^a,a, - A,,a^a^) \P,) , 6 = ^ [A''a,a, - A,,aW^ (2.32) 

where for A/" < 4 we suppress the extra index A for simplicity. On the other hand, 
the three-dimensional gravitinos ipl^ and the supersymmetry parameters together with 
their complex conjugates ip'^ = {ipU* and = (e^)* transform in the pseudo-real vector 
representation of S0*{2J\f), that is^^ 

Sei = A'.ei + A^%„^e^^ , Sef = A/eJ + A,,£"^e^^ (2.33) 

and similarly for the gravitinos. The commutator of two Spin*{2jV) transformations 
with parameters Ai and A2 gives a new transformation with parameters 

A12, = A;,A,'^ - Ai^A^^ + A,*^A2,-fc - Af An, 
All = -2Al\At + 2Ai',A/]'= . (2.34) 

With this notation, the supersymmetry transformations of the fermions read 

5< = rf^+Qei , 5ijt = d^^Qet (2.35) 

"'^'^Note that ^ being an anfi-pseudo-involution, it raises the SU{2) index by complex conjugation. 
^^In the Minkowski case, the fundamental representation of SL{2,M.) is real, and the transformation 
is simply (5e^ = A^'^e^ (recall that I,J,--- = 1, ■ • ■ , 2A/'). In the complex U{Af) basis, this becomes 

The Eap in (2.33) thus plays the role of an imaginary unit. 
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for the gravitino components, and 

S Ix). = e^^a^f' (e^ a, + ep,e]a^^ \P,) (2.36) 

for the propagating fermions, where d^^^Q is the covariant exterior differential with respect 
to the SU{2) spin-connection u and the S^* connection Q coming from the scalar fields. 
We note that for A/" = 8 this formula is consistent with the representation constraint, that 
is, (*5|x))° = ^°'^^\x)f3- Using the above definitions and the formulas from Appendix 
B (and, more specifically, the fact that conjugation for a Spin* (2//) spinor involves 
the matrix (3), it is straightforward to compute the conjugate spinor supersymmetry 
t r ansf ormat ions : 

Hxr = (^^1 (ef + . (2.37) 

The integrability condition for a supersymmetry transformation with parameter e to 
preserve the vanishing of the gravitino fields is given by the algebraic equation 

Si;^ = {fi + dQ + Q^)e = (2.38) 

for the curvature 2- forms = ^R"''' ^^o'abdx'^ A dx'^ and dQ + Q^, valued in su(2) and 
so*(2A/'), respectively. In three dimensions, the curvature 2-form |2 is expressible^^ in 
terms of the Ricci tensor Rab by 

n = ^a'^' (ea A R,b - A R^c - ^e, A i?) . (2.39) 
The equations of motion (2.5) give furthermore that 

n = ^d"' (ea A dx^el -CbA dx'^e^ - ^e, A 6^9'"'^ Tr P^P, . (2.40) 

Then, using the Bianchi identity (2.3), one can rewrite the integrability condition in 
terms of the one-form P only. 



^a'^' (ea A dx'^e", - A dx'^e", - ^e, A ebg"") Tr P^P, -PAP 



. (2.41) 



For asymptotically flat solutions, P goes to zero as in (2.10) for r +00, and the leading 
order part of this equation is given by 

^a'^' (^5ldr A e, - 5!dr A - ^e, A e^) (Tr ^'') e = 0(r-3) , (2.42) 



^^The formula is 
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where ~ c/r + (9(1). In this way, we arrive at the condition 

Tr ^2 ^ ^ = . (2.43) 

If this equation is satisfied, one can then integrate the first order equation for the Killing 
spinors following from the supersymmetry variations of the gravitinos, thus justifying 
the designation of as the 'BPS parameter'. We stress once more that (2.43) does not 
imply 'if = 0. For asymptotically Minkowski solutions (that is, without NUT charge), 
we have checked that, for the pure A/" < 5 supergravities, is indeed proportional to the 
determinant of the Bogomolny matrix^^ (this claim will be proved in Section 3.3). This 
is no longer true for A/" = 6 and J\f = 8. From equation (2.21), one then deduces that the 
charge matrix is nilpotent for BPS solutions. More precisely, we have at least = in 
the Es cases and = otherwise. 

The BPS condition also requires the dilatino fields to be left invariant by some su- 
persymmetry generators. In order for a Killing spinor to satisfy 

6\x)a = ^ e^a^^ (e^ a, + Sf^^eja'^ \P^) = (2.44) 

the charge state vector must satisfy 



(2.45) 



where (eo,e°) is the asymptotic (for r — * oo) value of the Killing spinor. As before, for 
Af < 4 the state |^) may require an extra label, such that (2.45) gets replaced by 

(e>, + £«^efa*)|^,^) = (2.46) 

The simple equation (2.45) (or 2.46)) is a key result of this paper: it encapsulates all 
the information about solutions of the equations of motion with residual supersymmetry 
and allows a complete analysis of the BPS sector (as we will see below, (2.45) is a stronger 
condition than the Killing spinor equation). Furthermore, we will show how the analysis 
of the BPS conditions can be reduced to simple calculations with fermionic oscillators 
by means of (2.45). Since ^ does not involve the angular momentum parameter a, we 
recover the (known) result that the BPS analysis is not sensitive to angular momentum. 

"'^^By 'Bogomolny matrix' we mean the matrix on the right hand side of the superalgebra when acting 
on the asymptotic free-particle states in four dimensions. This matrix is a function of the masses and 
central charges, and has vanishing determinant for BPS states. 



(e>. + ^a/jefa*)|^) = 
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We note that (2.45) takes the form of a 'Dirac equation' for the S^* spinor |^), with the 
'7-matrices' (aj,a*) and the supersymmetry parameter (e*, e^) as the 'momentum'. 

Multiplying equation (2.45) by its conjugate equation, and contracting the antichiral 
Weyl Spin* [2//) indices, one gets the integrability condition 








(2.47) 

necessary for a supersymmetry parameter to correspond to an unbroken supersymme- 
try generator. This equation decomposes into two inequivalent representations upon 
S0*{2N): first of all, we recover the condition = (^1'^) = 0; secondly, we get 

The existence of unbroken supersymmetry generators thus requires both = and 
that the matrix Z, transforming under S0*{2JV) in the adjoint representation, leaves 
invariant the associated spinor parameter ej^. 

In the foregoing section we identified the charge matrix ^ by means of the conserved 
charges of the three-dimensional theory, whereas in this section we have been working 
with the state 1"^), or a multiplet A) of such states. The two descriptions are obviously 
related, as the matrix ^ and state \^) (or the multiplet { I'i^, ^) } for A/" < 4) contain the 
same number of charge degrees of freedom, but writing down a general formula is neither 
easy nor really helpful because the most convenient conventions usually depend upon the 
properties of the specific groups and Sj*. For A/" = 5 we will spell out the relation 
between the matrix ^ and the state vector |^) explicitly in eqn. (3.33) of Section 3.3. 



3 Solving the BPS conditions 

Let us now proceed to analyse the BPS condition (2.45) case by case for various values 
of A/". As the conditions are the same even in the presence of several matter multiplets 
(for A/" < 4), we will suppress the extra index A in this section. The state vector of 
charges has the following general form (cf. appendix B) 

1^) =(w + Z^a'a^ + Eijkia'a^a'^a' + ■ ■ ■) |0) . (3.1) 

Here w = m + in is the complex gravitational charge (mass and NUT parameter), 
Zij = Qij + iPij are the electromagnetic charges, and T^ijki are the scalar charges (which 



21 



will turn out to depend on the other charges). Further charge components appear for 
A/" > 6. For Spin* {2N') the conjugate spinor is (see appendix B)^"^ 



(^1 = (0| (^w + Z'^aittj + E'^'^^aiajakai + ■■■ 
from which we compute the norm, hence the BPS parameter, as^^ 



(3.2) 



(3.3) 



3.1 General discussion and results for J\f < 5 

Equation (2.45) can now be decomposed with respect to (Bp A^^~^ ^ that is, the oscil- 
lator basis a* |0), a^a^a^ |0),... The one-form component reads, for all A/", 







(3.4) 



The parameter w being non-zero for any non-trivial regular solution, we obtain that the 
spinor parameter associated to an unbroken supersymmetry generator satisfies 



f_^al3 7. .J 

w 



(3.5) 



relating the Killing spinor to its complex conjugate by a kind of symplectic Majorana 
condition. Hence, for all A/", 

4 . „. ^gg^ 



\w\ 



At this point it is advantageous to switch to a diagonal basis for the matrix Zij, which 
can be reached by conjugating with a suitable SU{Af) matrix. 



^ij — 



/ zi ■ ■ ■ \ 

-21 

^2 

-Z2 

V ■■• ■■• ■■• ■■• J 



(3.7) 



^^Note the plus sign on all terms, which is related to the signature of the Spin* {2J\f) scalar product. 
""^^With a factor of i in the case of maximal supergravity because the multiplet is self-dual. 
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for M = 2M, and 



^ij — 





/o 











■ 


■■\ 










Zl 





• 




1 





-zi 








• 




2 














Z2 















-Z2 


• 






V : 













(3i 



for A/" = 2M + 1. Introducing M antisymmetric tensors u^j satisfying 

if m ^ n 



(3.9) 



with the J"j being projectors onto the orthogonal 2-dimensional complex subspaces 



i^r^^ = 



if m ^ n 



^ i ^ k — ^ i 



we can re-express Zj,- in the form 



2„ t^jj . 



(3.10) 



(3.11) 



Substituting this expression in equation (3.6) we obtain 



E 



\w 



l_ Jm I J 

2 i CI 



(3.12) 



Consequently, the spinor parameter can have non-zero components only in those sub- 
spaces for which \z^\'^ = |vFp. In accordance with established terminology we shall speak 
of an {n/M) BPS solution if this relation is satisfied for n out of M values z^. For a 
spinor lying in the subspace m associated to the projector /"j- * for which \zj^ = \w\'^, 
equation (3.5) then becomes 

(3.13) 



w 



Next, the 3- form component of equation (2.45) reads 



(3.14) 
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where T^iju are the scalar charges. Together with (3.5), this equation gives that 

(j^ijki - ^%^^'])^" = ^ ■ '^^•^^) 

This equation is again vahd for all A/". It is trivially satisfied for A/" = 3; for A/" = 4 and 
A/" = 5 it implies 

^ijki = - — Z^ijZki^ , (3.16) 
which is consistent with the 5-form component of equation (2.45) 

for A/" = 5. For these values of A/", we have thus made completely explicit our previous 
claim that the scalar charges are not independent, but depend on the electromagnetic 
charges via Eq. (3.16). As we will see latter, (3.16) is also the general solution of the 
equation = for both A/" = 4 and 5. Finally, we emphasise that, for A/" > 5, the 
formula (3.16) is not valid in general, unless the BPS degree is sufficiently high. 



3.2 J\f = 6 and J\f = 8 supergravity 

We now proceed directly to A/" = 8 because the case A/" = 6 is most conveniently obtained 
by consistent truncation of A/" = 8. For maximal supergravity, the scalar charge vector 
is given by 

1^) = (w + Zija'o? + Y^ijua'a^a^a^ + ^e^jkimnpg Z'^ a^a}a'^aJ'aFa'i 

+ ^^eijkimnpqWa'a^a^a^o^a:^aPa'^^\Q) . (3.18) 

Its irreducibility as a Spin*{lQ) representation, that is, the condition |^) = ^k-]^) (cf. 
appendix B) requires that the scalar charges are complex self-dual, viz. 

V — J_c- ymnpq (o i q\ 

By self-duality the p-form component of equation (2.45) is equivalent to its (A/" — p)-form 
component. The one- form and three- form components of this equation were already 
given in (3.5) and (3.15), respectively. However, unlike for A/" < 5, we now no longer can 
'peel off' the parameter ej^, from equation (3.15) in general, so formula (3.16) may fail. 

For I BPS solutions, we have \zi\ = \w\, whereas \z„\ ^ \w\ for m = 2,3,4. The 
non-vanishing components of (3.15) are then orthogonal, and they determine part of the 
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scalar charges Tiijki- The remaining components of T^jki can then be deduced from the 
self-duahty constraint (3.19), in such a way that all scalar charges are determined as 
functions of the Zij, but (3.16) is not satisfied for all components as w~^Z[ijZkij need not 
be complex self-dual in general. 

For i BPS solutions, \zi\ = \z2\ = \w\ and l^sl, \z4\ ^ \w\. In this case the components 
corresponding to the two different spinor overlap, although the formula (3.16) is still not 
valid for all components. The electromagnetic charges must satisfy constraints in order to 
be compatible with the self-duality constraint: inspection shows that (3.15) now implies 

W W W W ' 

Therefore l^sp = 12^4^, and we conclude that there cannot exist | BPS asymptotically 
flat stationary solutions o/A/" = 8 supergravity (which would require \zi\ = \z2\ = \z3\ = 
\w\ 7^ \z4\). Finally, for | BPS solutions, (3.15) is valid for any spinor parameter, and we 
at last recover (3.16). By self-duality, the electromagnetic charges must then satisfy 

— ZlijZkl] = —Eijklmnpq ^^"'"^''^ • (3.21) 

The formulas for A/" = 6 can be obtained by truncation of the above results. However, 
A/" = 6 supergravity is somewhat special because its bosonic sector, with the coset space 
S'0*(12)/f/(6), is identical to the bosonic sector of the magic Af = 2 supergravity [29]. 
The two theories differ only in their fermionic sectors, both of which can be obtained 
by truncation of A/" = 8 supergravity. While the bosons are truncated in the same way 
to give the coset SO*{12)/U{6) for both the M = 2 and A/" = 6 cases, one retains six 
gravitinos and 26 spin-i fermions in the J\f = 6 theory, whereas for the Af = 2 theory 
one retains the complementary set of two gravitinos and 30 spin-| fermions (the latter 
belong to 15 vector multiplets coupled to the Af = 2 graviton multiplet), such that there 
are altogether 32 fermionic degrees of freedom in each case. In other words, the bosonic 
sector by itself 'does not know' whether it belongs to A/" = 6 supergravity or to the magic 
Af = 2 theory. 

These features can be seen directly from the form of the truncated charge vector 
which is represented by the state 

\^)=(w + Za'a^^ |0) + {Z,j + S^,- aV) a'a^O) + ^£.,Hmn(s*^' + Z'^ a^a^ja'^a'a'^a^iO) 

+^eijkimn [Z + wa'^a^) a^a^'^a'a^^a" |0) (3.22) 

and which can be directly obtained from (3.18) by truncation. Here i,j,--- = 1, . . . , 6 
label the Af = 6 oscillators while and a® correspond to the supercharges of the Af = 
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2 theory. When viewed as an A/" = 2 theory, equation (2.45) reduces to its 1-form 
component which decomposes into (3.5) for the spinors and and a matter component 

~ ^al3 ^ij £7 = (3.23) 

which immediately yields the J\f = 2 ^ BPS conditions, \Z\ = \w\ and 

E = ]_zZij . (3.24) 
w 

For A/" = 6, on the other hand, we get the 3-form and the 5-form equations 

(^^'' ~ ^^^^'^^^mn^p,) = (S,, - if Z,,) e^, = (3.25) 

where we have already substituted the solution (3.5) for the supersymmetry generator 
e^. For I BPS solutions, the non-trivial components of these equations are orthogonal, 
and again suffice to determine the scalar charges S*-' as functions of the others. For more 
super symmetric solutions, the scalar charges are determined by equation (3.16) to be 

yij _ _}_ ijmnpq y y /o oeN 

~ 4vy ^mn^pq ■ l^O.ZOJ 

Requiring consistency with (3.24) along the subspace associated to the unbroken 
supersymmetries gives 

ZZi _ 2:2^3 _ Z1Z3 . , 

w w w w 

which is just the condition (3.20) in disguise. Because \zi\'^ = \z2\'^ = both equations 
reduce to 

Z = ^ . (3.28) 
The charge Z is thus determined to be 

^ ^ ^^^^'^^''""''^^j'^fc''^^" (3.29) 

with |Zp = l^sp for | BPS solutions. For ^ BPS solutions all the components of 
— {Z Zij)/w must cancel and we get 

~ '^^^ii^'^'Pi'^ ^^'^ ■ (3.30) 

Equivalently, the condition for a solution to preserve some supersymmetry in both the 
M = 2 and the A/" = 6 theories requires the remaining eigenvalues of Zij to be equal 
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in modulus, which is consistent with the non-existence of | BPS solutions in A/" = 8 
supergravity. 

We conclude this subsection with a few comments on black hole entropy in A/" = 8 
supergravity. In that case, the constraints on the electromagnetic charges are related to 
extremality properties of the Ej^j) invariant expression of the entropy [33]. For static 
solutions with w = w = m satisfying the | BPS bound condition \zi\ = \z2\ = m (and 
1 2:3 1, 1 2:4 1 possibly different from m), equation (3.20) is strictly equivalent to the vanishing 
of the -E'7(7) invariant expression of the horizon A = Att^O{Z), where 

0(Z) = Z.jZ^'ZmZ'' - ^ZijZ'^ZkiZ'' 

1 1 

I rvij rykl rvmn rvpq , ^ijklmnpq ry 7 7 7 ^'Q Q1^ 

gg *i^^™"P9 Z/ Z/ Z/ -|- — £ ZjijZjkiZjmn^'pq ■ [O.Ol) 

This proves the conjecture of [14] proposing the vanishing of the £"7(7) invariant expression 
of the horizon area for | BPS and | BPS black holes. For asymptotically Taub-NUT 
solutions, w is complex, and the | BPS condition (3.20) requires that the Ehlers U{1) 
invariant (){w~^Z) vanish. This leads us to conjecture that the expression for the horizon 
area of asymptotically Taub-NUT BPS black holes in maximal supergravity is 

A = 4:7i\w\^0{w-^Z) . (3.32) 

As a matter of fact, this expression is not in general invariant with respect to the standard 
action of -£7(7) on the electromagnetic charges. This is not in contradiction with the U- 
duality invariance of the entropy, however, since the latter cannot be identified with the 
horizon area for asymptotically Taub-NUT spacetimes. 

3.3 Relation to pure spinors 

There is an intriguing link between the cubic constraint = on the charge matrix 
and pure spinors in pure supergravity theories. Let us start with A/" = 5 supergravity, for 
which the corresponding pure spinor equation is more familiar to physicists thanks to the 
work of N. Berkovits in superstring theory. The duality group of the three-dimensional 
theory is -E'6(-i4) which admits a complex 27-dimensional faithful representation. With 
respect to the maximal subgroup U{1) x Spin*{10), the 27 decomposes into 1 © 16® 10 
where 16 is the complex chiral spinor representation of Spin* (10) and 10 the pseudo-real 
vector representation of 5*0* (10). The charge matrix ^ can be defined in terms of the 
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chiral spinor |^) as 
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(^>* 




















(3.33) 



which is understood to act on a complex 2 7- dimensional vector (r/, \S), , Vj). |^*) is 
the antichiral spinor defined from the anti-involution ^ 

\^*) = *|^) = e^jki^{Y?^^'^a' + ^Z''" a'o?a^ + a' a? o!^^ |0) . (3.34) 

The formula (3.33) makes the claimed relation between the matrix ^ and the state vector 
1^) completely explicit for A/" = 5. Making use of the properties 



, the Fierz identity 

and its conjugate, we compute Tr^^ = 12 (^|^) and 

/ 



(3.35) 



(3.36) 
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^ (^l^aiCfc 



. (3.37) 



It follows that the constraint = (?'^ is strictly equivalent to the 5'pm*(10) pure spinor 
constraint 

(^|a*|^*) = (^|ai|^*) = 0. (3.38) 
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Here, we define a Spin* (2//) pure spinor by the direct generalisation of the Cartan 
definition, that is by the requirement that |'^*)('^| lies in the rank A/" antisymmetric 
tensor representation of SO* (2//). The same computation in A/" = 4 pure supergravity 
shows that the cubic constraint (2.22) is strictly equivalent to the Spin* (8) pure spinor 
constraint 

C^l^*) = (3.39) 

where 

1^*) = ^\^)= (^e,,ki + \e,jki Z'' a'a' + w a'a^a'a'^ |0) . (3.40) 

For practical computation it is much easier to consider the coset Spin(2, 8) / {Spin(2, 6) x 
t/(l)) exploiting the isomorphism Spin{2,6) = Spin*{8). We postpone the proof of 
equivalence to the pure spinor constraint to Section 6. For M = 2 and A/" = 3, there are 
no scalar charges and the equation = c^'^ is trivially satisfied by any element of the 
coset f)*. This is in agreement with the fact that any Spin* (4) or Spin* (6) chiral 
spinor is pure. 

The general solution of the Spin* (2A/') pure spinor constraint is 

\^) = w exp (^^Zija'a^^ |0) . (3.41) 

It is well defined only ii w ^ but, since w = m + in, it is natural to make this 
requirement. To prove (3.41), we use the fact that for a spinor satisfying (^|^) > 0, 
there exists a, U{1) x Spin*{2M) transformation that rotates both the electromagnetic 
charges and the NUT charge to zero, such that in the new 'frame' 

1'^) = c|0) . (3.42) 

Then, from the definition of the anti-involution -k (cf. appendix B), we have 

\^*) (<^| = |0) (0| = e,,...,^ a'---- a^^ |0) (0| = e,,...,^ a'^ ■ ■ ■ a'^ (3.43) 

where we have made use of the fact that we can replace |0)(0| by the unit operator in 
this expression because the left state is fully occupied. To complete the proof, we only 
need to rotate the spinor back to its original frame (3.41); it is then easy to see that 
the above result gets replaced by a combination of products of M fermionic (creation 
and annihilation) oscillators corresponding to the A/'-form representation of Spin* (2A/') . 
Consequently, |^) is a pure spinor for all A/". 
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Writing out the pure spinor condition for A/" = 4 and A/" = 5, we can easily see that 
it is equivalent to the equation 

wEijki = -ZyijZki] (3.44) 

which coincides with the equation derived from the requirement for the solution to be 
BPS, cf. (3.16). In the preceding section, this condition and the BPS bound condition on 
the eigenvalues of the electromagnetic charges were enough for the solution to be BPS. 
We are now going to see that the orders of the zeros of the BPS parameter are indeed 
governed by the number of eigenvalues of the electromagnetic charges which satisfy the 
BPS bound. Inserting the solution (3.44) into the definition of the BPS parameter (3.3), 
we get 

= \w\'' - 2Z,,Z'^ + -l^[{Zi,Z'^f - 2Z,,Z^^ZkiZ''^ (3.45) 

which reduces to 
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2 _ 


\zi\ 




\w\ 


2 _ 


^2 






\w\ 


2 



(3.46) 



in terms of the eigenvalues zi and Z2 (the formula is also valid for A/" = 2, 3 with Z2 = 0). 
Without NUT charge (|vFp = m^), to a given power is thus proportional to the de- 
terminant of the Bogomolny matrix obtained from the four- dimensional supersymmetry 
algebra projected on an asymptotically free massive particle state. As we just discussed, 
once the constraint (2.22) is solved, the number of preserved supersymmetries can be 
derived from this determinant. It follows also from equation (3.46) that all the extremal 
solutions admitting a nilpotent charge matrix are BPS, and thus the moduli space 
of stationary black holes is given by the union of the U{1) x Spm* (2A/') -orbits of non- 
extremal Kerr-Taub-NUT black holes and the orbits of BPS black holes. 

For J\f = 6, the -E'7(-5) constraint = is equivalent to the SL{2, E) x Spin* {12) 
invariant equation 

(3.47) 

In this case, this equation does not reduce any more to a quadratic constraint on the 
spinor |^). For ^ 0, the scalar charge S*-' is generally a non-rational function of w, 
Zij and Z. For instance, the solution of = for electromagnetic charges that 
are very small compared to the parameter w defines S*-' as an infinite formal series in 
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powers of and their complex conjugates, and the resulting expression cannot in 

general be written in closed form. The BPS parameter thus is not simply proportional 
to the product of the determinants of the Bogomolny matrices of the M = 2 and A/" = 6 
supergravities associated to this bosonic theory. Nevertheless, the Spin* {12) pure spinors 
define solutions of equation (3.47), although not all its solutions define pure spinors. The 
Spin* [12) pure spinor condition reads 

^(^|[a\a,-]|'^*) = C^|aV|^*) = (^|aia,-|^*) = • (3.48) 

Note that although these equations are invariant under the action of Spin* {12)^ they 
are not invariant under the action of SL(2, R) in general, and so the general solution of 
= cannot be a pure spinor. The pure spinor condition in components reads 

8 Y^'^^Zjk = Sjip^ZijE"^^ — WZ) lyS*-' = -^e'^^^^^^ZklZmn ZZij = -Eijklmn^''''^"^"' ■ 

(3.49) 

The general solution determines both the scalar charge S*-^ and the electromagnetic charge 
Z to be 

Sij Ajklmn ly rv ry ^ Ajklmn ry 'y 'y In p:n^ 

Note that according to equation (3.26) and (3.29), the | and the \ BPS solutions of 
A/" = 6 supergravity do satisfy these equations, and the charge matrix associated to 
such a solution defines a pure spinor. In general, for a charge matrix satisfying the pure 
spinor equation, one recovers the property that the BPS parameter is proportional to the 
determinant of the Bogomolny matrix, viz. 
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(3.51) 



Such a restricted solution is \ BPS in the quaternionic M = 2 magic supergravity if 
and only if it is | BPS in A/" = 6 supergravity. Although the general solution of (3.47) 
is generically not a pure spinor, it follows from the transitivity property of SL{2^ R) x 
Spin*(\2) on the moduli space of non-extremal black holes that is in the 5*17(2, R)- 
orbit of a pure spinor for c > 0. The general solution of (3.47) can thus be parametrised 
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as follows 

w = cosh uX + sinh u -i-£,^.,;^„X^^X'='X™" 
Z = cosh u ^£*^'='--X,,Xfc/X„, + sinh u e*" X 
Zij = cosh M Xij + sinh m ■^e^jkimnX'^^X"''' 

S*^' = cosh u -^e'^^^'^'^XkiXmn + sinh m e^" X*^' . (3.52) 
4X 

By taking appropriate limits, one obtains extremal solutions which are BPS either in 
A/" = 6 supergravity or in the corresponding magic M = 2 supergravity associated to 
the quaternions. Nevertheless, this does not prove that there are no non-BPS extremal 
solutions with c = 0. 

Although we have not written out explicitly the quintic equation (2.21) for maximal 
supergravity, the requirement of Spin*{lQ) covariance completely fixes the expression 
for the scalar charges in terms of the other charges when \Zij\ <^ |vf|. As for A/" = 6, 
the expression for the scalar charges can be expanded into an infinite series in powers of 
{Zij/w) in such a way that the solution of (2.21) defines the scalar charges as non-rational 
functions of the others. At low orders, we have^^ 

1 _i_ ^ ^mnpqrstu ly 7 7 7 A_ ^ r- ymn rypq ryrs rytu 

~r ^T" n _ £^ ^ran^pq^Ts^tu ~r ^rr _ o mnpqrstu^ Zj Zj Zj 



-'ijkl \ ' rt A ^mn-^pq-^rs-^tu I „. _o 

V Z4:W W Z4:WW 

1 



Aw 4oiv 



^ 7 7 7 ( 7'fn''n- ^ '7 ryVmn nrpq] 
Zi[ijZJklZJmn]yzj — j —Zjp^Zj Zj 

5 / 6 \ f Z^\ 

— TlJ^ijklmnpqZ^™^ Z^"^ Z^ '^U Zj-s — ] — Z^^ Z Ul] ) + ^ ( — 7 ) • (3.53) 

Z^ww V |w| / V" / 

It follows that the BPS parameter does not reduce to an expression proportional to the 
determinant of the Bogomolny matrix for asymptotically Minkowski solutions. 

The charge matrix transforms as a Majorana-Weyl spinor of Spin* {IQ) , whereas the 
pure spinor equation is defined for complex spinors. The pure spinor equation for a 
Majorana-Weyl spinor implies that (^l'^) = 0, and so there is no non-trivial solution in 
an Euclidean case with the group Spin{2J\f). However, since the scalar product (^l"^) 
is indefinite for Spin* (16), there do exist non-trivial solutions in this case. Indeed, if one 



2 — 
WW 



^^Note that the value of \Zij /w\ is larger than the radius of convergence of the formal series for BPS 
solutions. 
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writes down the constraints 

1^) = w exp (^Z.ja'a^ |0) = * H/ exp (^Zi^a'a^ |0) , (3.54) 

one gets exactly the A/" = 8 constraints necessary for the corresponding solution to be | 
BPS. As a result, the moduli space of | BPS asymptotically flat stationary single-particle 
solutions of A/" = 8 supergravity is isomorphic to the space of Spin*{lQ) Majorana-Weyl 
pure spinors. 



4 Isotropy subgroups of BPS solutions 

The formalism developed in the previous sections affords a convenient tool to investigate, 
and in fact completely characterise, all the BPS orbits for different A/", thus furnishing a 
proof for a number of conjectures that have been made in the literature. 



4.1 Pure supergravities for J\f < 5 

From the results of the previous section, it follows that the moduli space of solutions of 
the cubic equation (2.22) is strictly equivalent to the space of pure spinors of Spin*{2Af) 
for all A/" < 5. Defining flij = {2/w)Zij, equation (3.41) tells us that the general solution 
can be written as 

1^) = w exp Q%a^a^'^ |0) . (4.1) 

We emphasise again that for A/" < 5 this form of |^) is valid also for non-BPS solutions: in 
that case we simply set Qij = because we can use the duality group to rotate the solution 
to a 'frame' where it is a pure Kerr-Taub-NUT solution with (complex) parameter w. 
We also recall that for Af > 3, the group Spin*{2J\f) is always accompanied by an extra 
U{1) which must be taken into account when analysing the residual symmetries. 

The action of u(l) © spin*(2A/') on the above spinor can be worked out by means of 
the formulas given in appendix B to give^'^ 

5 1^) = i ((2 A.'^Qkj + + ^fc A''%)a'a' + n,,A'^ - A,* - zA) |^) , (4.2) 

where A parametrises the u(l) transformation. For a matrix charge ^ corresponding 
to a BPS solution, the matrix Qij can be moved via a Spin* {2Af) rotation to a 
symplectic form on a subspace C^" C C-'^. In order to analyse the isotropy subgroup 

^^Recall that raising or lowering indices on A corresponds to complex conjugation. 
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of f/(l) X Spin*{2M) corresponding to such a spinor, it is convenient to decompose 
the U{M) indices according to the product U{2n) x [/(A/" — 2n) into unbarred ones 
A,B, - ■ ■ = 1, . . . ,2n and barred ones A,B, - ■ ■ = 1, . . . , A/" — 2n, respectively. Sphtting 
the equations (4.2) in this way and demanding 6\^) = 0, we arrive at 

2A[A^nC\B] + ^AB + ^AC^^^^^DB = A^^^CB + A^^ = 

-tX + I^abA^^ - A^^ - A^^ = Aab = ■ (4.3) 

Taking the symplectic trace of the first equation (with Qac^'^'^ = —^a), we get 

2Aa^ = n^^'AAB + ^abA^"" . (4.4) 

Let us first consider the subgroup of the isotropy group lying in the maximal compact 
subgroup U{1) X U{Af) C U{1) x Spin*{2Af). In this case the constraints on the Lie 
algebra generators imply A^-^ = and A[a'^^c\b] = 0, whence the generators inside 
U(2n) must leave invariant the symplectic form VLabi and therefore generate the subgroup 
Sp{n) = USp{2n) C U{2n). From the third equation in (4.3), we deduce that A is 
determined in terms of the other parameters, hence is not independent. The maximal 
compact subgroup of the isotropy subgroup is thus Sp{n) x U{Af — 2n). 
To analyse the non-compact generators we define 

A^B ■■= 1{Aab ± nAc^BDA^'''') ^ A±5 = ±nAcnBDA^'''' . (4.5) 

Then we see that drops out from the first equation in (4.3), but there is nevertheless 
still one constraint on it. Namely, from (4.5) we get fi^^A^^ = il^AsA^^-^; thus, 
Q'^^A'^^ is real, while ^'^■^A^^ is imaginary. From the third equation in (4.3) we then 
deduce that 

n^^A\^ = (4.6) 

(all other terms being pure imaginary). Together with Sp{n) these parameters combine to 
give the non- compact real form SU*{2n) C SL(2n, C).^^ In terms of fermionic oscillators, 
a given element of SU*(2n) is defined via the following generators of SL{2n, C) 

X^B = \ (a^as - fi^^^BD a'^ac) 

y^AB ^ 1 (^^A^B _ QAC^BD^^^^^^ _ ^^AB (^^^^^^C^D _ Q^CD^^^\^ ^4 7) 

^^SU*{2n) ^ 5i(n,H). 
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with an anti-Hermitean matrix Ka^ = —-^^a satisfying Aa^ = —^Iac^^^-^d^, and a 
traceless element A^^ as 

X(A) = A^^X^s + l(A+^x^^ + A+^^X^s) (4.8) 

where X^^ = (X"^'^)"''. Although the fundamental representation of SU{2n) is complex 
for n > 1, the fundamental representation of SU*{2n) is pseudo-real. Indeed, in order 
to be consistent with supersymmetry, the action of SU* (2n) on a Killing spinor must 
preserve the reality condition (3.5), i.e. e"^ = —fl^^Eais^B '■ 

[ X(A) , eiiaA - flABa'')] = (A% + r]^^A+^) (ef (a^ - fi^Da^)) . (4.9) 

The part of U{2n) not lying in the Sp{n) subgroup is constrained by the condition 

AlA^'^ciB] + A^5 = Ka^ = n^'^A'AB ■ (4.10) 

The explicit computation (using formulas from appendix B) shows that the associated 
generators are given by 

N^^ = (a^ + fi^^ac) (a^ + fi^^az,) , N^b = (a^ - l^Aca^) (a^ - ^Bna'') (4.11) 

so that Vt^^Vt^^'NcD = N^-^. Using 

{ aA - ^Aca^ , ae - ^BDa"" } = , (4.12) 

one easily checks that this particular combination of compact and non-compact generators 
is nilpotent: 

[l^AB, Ncd] = [Nab, N^^] = [N^^, N^^] = (4.13) 
and that the associated Lie algebra elements transform in the n(2n— 1) of SU*{2n), viz. 

[X(A), v2s^^^-v-^''NAB]=2{-A^'A + nADA-'''^')v-^^^^ 

- 2{A^c + fi^^A+^).;-^^NAB • (4.14) 

The reducihility of the two-form representation of SU*{2n) is a direct consequence of the 
pseudo-reality of its fundamental representation. 

The only remaining generators of the jj BPS isotropy subgroup (besides the genera- 
tors [a"^, ajj] of U{N — 2n)) correspond to the solutions of 

Aa''^cb + Aab = Q (4.15) 
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in the complex 2n ® (A/" — 2n) representation of SU*{2n) x U{M — 2n). In terms of 
fermionic oscillators, the associated generators are 

N^^ = a^(a^ + fi^^ac) , ^ ab = axiaB - ^Bca"^) ■ (4.16) 

This is once again a combination of compact and non-compact generators, which com- 
mutes to give the nilpotent generators in the n(2n — 1) of SU*{2n) given above, viz. 

[N^B,N^^]=0 [N^^,N^^]=0. (4.17) 

We thus arrive at the conclusion that the isotropy subgroups ■3n(A/') are non-reductive 
subgroups ofU{l) x Spin*{2M) for A/" < 5, that is, 'Poincare-like' groups with the product 
SU*{2n) X U{M — 2n) as the semi-simple 'Lorentz-like' subgroups; schematically, we have 

X(A/') = {SU*{2n) X U{J\f-2n)) x ( (□ ® H) © g_ ® 1 ) , (4.18) 

where the Young tableaux of SU*{2n) and U{N' — 2n) are to be built with undotted and 
dotted boxes, respectively. The jj isotropy subgroup of U{1) x Spin*{2Af) (for n > 1) is 
thus of dimension N"^ + {2n + l)(ra — 1). As we will see below, similar statements hold 
for A/" = 6 and Af = 8. 

From equation (4.12) it follows that the 'Heisenb erg-like' subgroup of the isotropy 
subgroup leaves invariant the Killing spinor e-^ = —Q^^Ea/se'^. Therefore the isotropy 
subgroup acts on the Killing spinors in the fundamental representation of SU*(2n). The 
isotropy subgroups 5n(A/') C i^* for A/" < 5 are given in the following table; we omit the 
extra-index on 5n(A/') as there is only one such group for each pair (n. A/") for A/" < 5. 





N = 2 


N = ?> 


N = A 


Ar= 5 




U{1) 


f/(3) 


f/(4) 


f/(5) 




R 


IcU{2) 


Ic{S0{2) X 50(4)) 


/c(f/(l) X SU{2) X SU(?>)) 








/50(5,1) 


(f/(l) X Spinih,!)) X {S+®V) 



Table IV : Isotropy subgroups 5n(AA) C S)* for pure M < 5 supergravities 



Here IG is defined to be the semidirect product of the group G with the abelian transla- 
tion group in the fundamental representation of G, and IcG is defined to be the semidirect 
product of the group G with the Heisenberg group defined as the translation group in 
the fundamental representation of G with a central charge. 
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4.2 J\f = 6 supergravity 

This description is valid for A/" = 6 supergravity if one restricts to the U{1) x Spin* (12)- 
orbits of solutions for which the charge matrix satisfies the pure spinor condition. How- 
ever the decomposition into SL{2, R) x 5'pm*(12)-orbits of the solutions is more involved 
and requires one to consider BPS degrees with respect to both Af = Q supergravity 
and the quaternionic M = 2 magic supergravity, as well as the vanishing of the horizon 
area. Indeed the invariance of the extremality parameter x = \J (? — with respect to 
S'L(2,R) X S'j9m*(12) implies that the condition for the horizon area to vanish is left 
invariant by ^L(2, R) x Svirf{\2). 

The representation under 5*^(2, R) x S'pm*(12) of the TV = 6 charge matrix can be 
conveniently described by the state (3.22) 

+ ^ei,kimnZa'a^a'a'a"'a^^ |0) (4.19) 

where ^ is the S'pm*(12) anti-involution defined on chiral spinors. The action of spin* (12) 
on ^ is defined as for lower A/", and the action of s[(2, R) is defined as follows 

S\^) = ^(^iX [oJa^ + a^ag - l) + ioJ - la^a^ |^) . (4.20) 
Using the explicit form of the state, one gets 

^\e,,umn TT'^a'a^a^a' + ^^e^.umn Za'a^a'a'a^a^^ |0) (4.21) 

where we used the fact that ^ is an aniz-involution to exhibit the fact that the U{1) 
factor A acts as in the lower Af cases. Let us consider first the non-BPS solutions with a 
non-vanishing horizon area that would be i BPS in AT = 2 magic supergravity. In this 
case, the state 1"^) can be moved to a basis in which 

1^) = (l + a'a') (l + y^.jkimna'a'a'a'a^'a''^ |0) . (4.22) 

There is then no way that the generators of s[(2, R) and spin*(12) can cancel against 
each other. The only solution for generators of s[(2, R) is given by 

e = -^X (4.23) 
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and by the traceless A/ for spin* (12). The isotropy subgroup is thus given in this case 
by 

;j(o,i)(6) = Ex5f/(6) . (4.24) 

For solutions with a non-vanishing horizon area which are | BPS with A/" = 6 supergrav- 
ity, but not BPS in A/" = 2 magic supergravity, the state |^) can be rotated to a basis in 
which 

1^) = (l + a^a*^*) (l + ^nABa^a^) |0) (4.25) 

where ^Iab defines a symplectic form on a subspace of C^. In this case, the non- 
compact generators of s[(2, R) must be zero in order to leave the state invariant. The 
computation of the isotropy subgroup is in fact identical to the case of lower A/" and one 
obtains 

;j(,„/6) ^ {SU{2) X f/(4)) K ( □ ® H © R ) 

= Ic{SU{2) X f/(4)) . (4.26) 

For solutions which are | BPS in both Af = 2 and Af = 6, and for which the horizon 
area thus necessarily vanishes, the state takes the form 

1^) = (l + a^a^) (1 + (l + ^nABa^a""^ |0) 

= (l + a'a'^ (l + ^^ABa^"") (l + ^£^5cDa^«^a^a^) |0) • (4.27) 

Using the same arguments as in the case of lower A/", one derives the isotropy subgroup 
associated to A/" = 2, i.e. R, and the isotropy subgroup associated to A/" = 6, i.e. 
Ic{SU{2) X 5'f/(4)). However, the self-duality property of the state implies that the 
constraint on A^^ reduces to 

Aa5 - \eABCD^^^ = (4.28) 

in such a way that the SU (4) = Spin{6) factor is enlarged to Spin{6, 1). The product rep- 
resentation of the fundamental of SU (2) and SU (4) is promoted to the SU (2)-Majorana 
representation of Spin{6,l). The remaining generators of the isotropy subgroup corre- 
spond to mixed non-compact transformations of s[(2, R) and spin* (12). Indeed, one can 
compute that 

(aV - ayag) (l + aV j |0) = (l + |0) 
^(n^^a^a^ - fi^^a^a^) (l + if^A^a^a^) |0) = (l + if^A^a^a'') |0) (4.29) 
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in such a way that 

(^aV - 0708 - ^^ABfl^a^ + ^f^^-^aAfls) 1"^) = . (4.30) 
The commutation relation of this generator with the nilpotent R generator gives 

a a — ajas , ta ai + ta as — t — ta a — ta^ag 

= 2{iaJa'j + ia^a^ — i — ia^a^ — iaja^^ (4-31) 

which defines the Lie algebra of the maximal parabolic subgroup /GL+(1R) of SL{2, R). 
This generator commutes with all the other generators, in such a way that the | BPS 
orbit of solutions that are | BPS in A/" = 2 magic supergravity is 

,)(6) = IGL+{R) K Ic{SU{2) X Spm{Q, 1)) . (4.32) 

As discussed in the preceding section, the charge Z is constrained to be a function of 
the others for solutions of A/" = 6 supergravity that preserve at least one third of the 
supersymmetry charges, and |^) is then a Spin* (12) pure spinor. Therefore, we have 
only one orbit to consider for the | and | BPS solutions. A | BPS charge matrix can be 
transformed to 

^ = (l + aV e^^^s'^^"'' |0) , (4.33) 

where Qab defines a symplectic form over C^. The same analysis as for lower TV gives 
that the subgroup 

{SU*{A) X SU{2)) K(n®H©g_®l)c Spin* (12) (4.34) 

is in the isotropy subgroup. None of the generators of s[(2, R) leave the charge ma- 
trix invariant on their own. However, let us consider the generators of sl(2, R) of the 
Spin* (4) = S'L(2,R) x SU{2) subgroup of Spin* (12) acting on the subspace orthogo- 
nal to the symplectic form Qab- Let ^Iab be the SU{2) symplectic form on this subspace; 
since ^ ^ ^ 

2^Ab -^^[ab^cd] = -^^Ababcd , (4.35) 

we have that 

^^ABa^a^ es^^s'^''^'' |0) = * e^^^^"'""'' |0) (4.36) 
and the generators of sl{2, R) C Spin* (4) act on \'t^) as follows 

^-{ib{a\A - 1) + Ic^Asa^a^ - ^C^^^^a^a^) e^^-""'^" |0) 

= ^(-26 + C*)e^''^^'^^'^''|0) (4.37) 
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i.e. in the same way as do the generators of s[(2, R) (4.21). The isotropy subgroup 
thus also contains the diagonal subgroup of these two SL{2, R) subgroups. Since one 
of these 5'L(2,R) groups lies in Spin* (A), the nilpotent generators that transform in 
the fundamental of SU{2) also transform in the fundamental of 5-^(2, R). The isotropy 
subgroup of I BPS solutions of A/" = 6 supergravity is thus 

5(,,,)(6) = {SU*{A) X 50*(4)) x(n®H©g_®l). (4.38) 

For the ^ BPS solutions of A/" = 6 supergravity, the charge matrix can be transformed to 

^ = (^1 + a'a«) e^^-^s"-'"'' |0) (4.39) 

where ^Iab is a symplectic form on C^. Again, the same analysis as for lower J\f gives 
the subgroup 

SU*{6) X 0_ C Spin* (12) (4.40) 

and the subgroup R C 5*^(2, R). Then, following the same argument as for the | BPS 
solutions, one obtains the mixed solution 

(aV - a-ras - ^^A^a^a^ + ^f^^^aAfls) 1"^) = , (4.41) 

which defines together with the translation generator the non-semi-simple group IGL^{M). 
The isotropy subgroup of the | BPS solutions is 

;i(3,i)(6) = /G'L+(R) K SU*{Q) X g_ . (4.42) 

So far, we have only discussed the isotropy subgroups associated to the various BPS 
solutions represented by simple charges for which all the central charges that are not 
saturated vanish (either \z„\ = \w\ or z„ =0). However, some solutions define different 
orbits. This is the case, for instance, for the solutions that are either | BPS in the 
Af = 6 theory or | BPS in the corresponding M = 2 theory and which have, moreover, 
a vanishing horizon area. The horizon area can be computed for such BPS solutions by 
embedding them into maximal supergravity and then using the conjectured formula for 
the horizon area of BPS black holes (3.32). In these cases, the computations shows that 
the corresponding isotropy subgroups ■J(o,i)°(6) and -3(i^o)°(6) contain an extra R^ factor 
with respect to the generic ones 5(o,i)(6) and 5(i,o)(6), and that some compact generators 
become nilpotent. We do not consider solutions for which the Ej(j^ invariant is negative 
valued, since the energy is negative in this case and all the solutions of the corresponding 
orbit have naked singularities [35]. 
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The M = Q isotropy subgroups are displayed in the following Table. 



dim 


0-BPS / N = 2k f-BPS / AT = 6 


i-BPS / AT = 2 & li^-BPS / AT = 6 


OCX 

do 


(7(6) 




36 


Ic{SU{2) X f/(4)) 


R X 5f/(6) 


37 


/GL+(1,E) K Ic{SU{2) X Sp{2) x g^) 


/GL+(1,R) X ^p(3) X 


43 


(5f/*(4) X SO*{A)) x(n®H©B_®l) 


/GL+(R) X /c(5t/(2) X ^pm(6, 1)) 


52 




/GL+(R) X 5f/*(6) xg_ 



Table V : Isotropy subgroups 5(„_i,i)(6) C 5L(2,]R) x Spin* (12) in = 6 supergravity 



4.3 = 8 supergravity 

The arguments work the same way in the case of maximal supergravity. Let us first 
discuss the | BPS solutions. Using a (7(8) C Spin*{\Q) transformation, one can always 
reach a charge matrix such that w and Zij are real and such that Zij = yf^ij, where 
Qij defines a symplectic matrix of C®. Using a non-compact element of S'pm*(16) one 
can then fix ly to 1. As for the A/" = 1 to 5 cases, the 0-form, the 2- form and the 4- 
form components of |^) then match with e^'^'-'"'"^ |0). Moreover, because fly defines a 
real symplectic form of C*, ea^'j"'"^ |0) is real with respect to the anti-involution * and 
matches with |^) for all form-degree components. 

1^) = exp Qa.aV^ |0) . (4.43) 

The computation of the isotropy subgroup works as for lower A/", except that there is no 
extra U{1) generator. The ^ BPS isotropy subgroup is 

a4(8) = ^f/*(8)xg , (4.44) 

which is again non- reductive, with the Lorentz-like subgroup SU*{8) acting on 28 trans- 
lations R^^; the latter antisymmetric rank-two tensor representation is again real for 
SU*{8) (but not for SU{8)). 

As discussed in the preceding section, there is no | BPS stationary solution in A/" = 8 
supergravity. For both the | and j solutions, one can reach a basis such that w = 1 and 
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2Zij defines a symplectic form on a C^, respectively C^, subspace of C*. In these cases, 
-^gl^ABa^a'^ |0) only involves the creation operators in such a way that it is orthogonal 
to e5f^-4fl«^'^'' |o). Thus 

1^) = (1 + ei^^sa^a^ ^ ^4 45^ 

By definition, the generators of spin* (16) commute with the involution -^k^ and one gets 
that the variation of the Majorana-Weyl spinor 1*^) is given by 

5 \^) = (1 + ((2 A^^r^cB + Aab + nAc^^''''^DB)a^a'' + A^^a^a^ 

+2(A^^ficB + A^^)a^a^ + fi^BA^^-A^^-A/)e^^--'^"'^"|0) . (4.46) 

In the case of the \ BPS orbit, 

^[AB^CD] = -£abcd , (4.47) 

where Sabcd defines the S'L(4, C) invariant epsilon tensor. By counting the degree of the 
various components with respect to the decomposition under U{A) x f/(4) C ?7(8) one 
obtains that the only components for which the operator (1 + ^t) introduces a further 
mixing are 

(l + *)A^s«^a^e5^^^'^''«^|0) . (4.48) 

Then using the fact that 

* eABCDa^a''a''a'' |0) = eABcDa^a'' |0) , (4.49) 
it follows that the condition 5 |^) = gives the equations 

2 X\^A^Vtc\B] + ^AB + ^AC ^^^^DB = A^^ — -SAbCD^^^ 

Aa^^cb + Aab = n^^AAB _ ^^A _ ^_A 

The traceless condition and the condition for the su(4) generators of the first U{A) factor 
to leave invariant the symplectic form imply that the maximal compact subgroup of the 
i BPS isotropy subgroup is 5*^(2) x 5^/(4) = Spin{5) x Spin{6). The conditions on the 
non-compact generators 

Aab + ^Ac A^^'noB = ^abA^"" = Aab- \eABCD^'''' = (4.51) 

restrict the parameters to lie in the vector representation of 5*0(5) and 5*0(6) respec- 
tively. The maximal semi-simple subgroup of the \ BPS isotropy subgroup is thus 



(4.50) 

= . 
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Spin{5, 1) X Spin{6, 1). As for the lower A/" case, the nilpotent generators of the isotropy 
subgroup he in the 4 ® 4 complex representation of SU* (4) x SU (4) and in the 6 repre- 
sentation of SU*{4). They transform in the 32 Majorana-Weyl spinor representation of 
Spin{5, 1) X Spin{Q, 1) and the vector representation of 50(5, 1), respectively. Both the 
4 Weyl representation of Spin{5, 1) and the 8 representation of Spin{Q, 1) are pseudo- 
real, but their respective pseudo-anti-involutions permit one to define a real 32 spinor 
representation of Spin{5, 1) x Spin(6, 1). The | BPS isotropy subgroup is 

^2(8) = {Sptn{5, 1) X Spin{Q, 1)) x ( (4 ® 8)r © 6 ® 1 ) . (4.52) 

In the case of the | BPS orbit of non-vanishing horizon area, the actions on the two 
components gl^^-^s'*'^"^ |0) and Tice^^-^^'^'*"'^ |0) do not mix, and the equations defining 
the isotropy subgroup of Spin* (16) reduce to equations (4.3), with A = 0, since there 
is no U{1) factor in this case. This slight modification of the equation implies that the 
U (A/" — 2) factor of the isotropy subgroup reduces to SU (A/" — 2) for A/" = 8. As a result, 
one gets that 

5i+(8) = {SU{2) X SU{6)) X ( D^H© 1 ) . (4.53) 

A representative of a | BPS solution with vanishing horizon area can be parametrised 
by three positive real numbers < pj < < pj < 1 which satisfy 1 + Pj — p^ — Pj =0, 
as follows: 

1^) = (1 + ★) (^1 + a^a^) (^1 + p, a^a^ + p, a^a^ + p, a^a*) |0) . (4.54) 

The generic | BPS isotropy subgroup ^Ii+(8) is not modified by the deformation associ- 
ated to the parameters p^, p^ and p, as long as they satisfy < p, < p^ < p, < 1 and 
1 + Pi — P2 — p3 > 0. The subgroup SU{2) x 5^(3) C SU (2) x SU (6) remains unchanged 
for any value of 1 + p^ — p^ — p,, but the signature of the remaining generators with 
respect with the Cartan form depends on the sign of 1 -|- p^ — p^ — p,, in such a way that 
when the latter is negative, the isotropy subgroup is 

ai-(8) = {SU{2) X SU*{6)) X (□©H©1 ) . (4.55) 

This corresponds to | BPS solutions for which (){w~^Z) < 0. Such solutions carry a 
naked singularity and will be disregarded [35]. For 1 -|- p^ — p^ — p, = most of the 
generators are nilpotent and there is an extra WC^ invariance of the charge matrix which 
decreases the dimension of the corresponding orbit by one. The isotropy subgroup of the 
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^ BPS solutions of vanishing horizon area is 



aio(8) = (E; X 5f/(2) X Sp{3)) K ((H®n)+©B+)'''©(H®n)+ ©1''^ 

= Ic{SU{2) X (R; X Sp{3)) K a+) . (4.56) 



5 Orbits of stationary single-particle solutions 

Under the action of an element g & (5, the coset representative V transforms as 

V ^ Vig)=gVh{g,V) , (5.1) 

where h{g, V) is the element of Sj* that permits one to reach the specific representative 
of the class [gV] in the chosen parametrization of the coset space <3/Sj*. The subgroup 
of (3 preserving the asymptotic flatness condition V ^ 1 is thus Sj*. As we explained in 
the first section, all the non-extremal asymptotically fiat axisymmetric stationary single- 
particle solutions which are regular outside the horizon are in the i3*-orbit of some Kerr 
solution. In the following, we will discuss these orbits in detail for all pure supergravity 
theories. 

In general, both horizon area and surface gravity (hence also the associated ther- 
modynamic quantities, i.e. entropy and temperature) are invariant with respect to the 
four-dimensional duality group 04. However, neither of them is invariant under the ac- 
tion of the three-dimensional group S^* since the relevant expressions depend explicitly on 
the mass and the NUT charge. Nevertheless it has been observed that the product of the 
horizon area and the surface gravity is equal to the deviation from extremality 47rx [36], 
which is invariant under the action of S^*. This statement is still valid for non-extremal 
multi-black-hole solutions. It turns out that both the horizon area and the surface grav- 
ity are modified by the presence of other black holes, but their product remains equal 
to 47rx. We should mention that the statistical interpretation of the horizon area and 
the surface gravity in the case of an asymptotically Taub-NUT solution is not clear [37]. 
One important fact that follows from this invariance is that the horizon area transforms 
by a non- linear rescaling with respect to the action 9)*. Therefore, although the horizon 
area A is generally not invariant with respect to the action of S)*, the condition A = is. 

19 We recall that these solutions do not exhaust the full set of stationary solutions to the equations of 
motion. However, all non-extremal solutions lying off ij* orbits passing through regular Kerr solutions 
are comprised entirely of singular solutions without horizons. 
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5.1 Stratified structure of the moduli spaces of charges 

The ^*-orbits of single-particle solutions can be characterised in terms of the ^*-orbits 
of the charge matrix ^ in g f)*. The decomposition of the set of asymptotically flat 
axisymmetric stationary single-particle solutions, including the extremal solutions, which 
can be obtained as special limits of non-extremal ones, can be derived from the decom- 
position into ^*-orbits of charge matrices ^ satisfying the cubic equation = or 
its quintic analogue (2.21). The set of such charge matrices {alias the moduli space of 
solutions of (2.22) or (2.21)) is a stratified space A4, that is, a partially ordered union of 
manifolds 

M = [jMn, (5.2) 

ne/ 

where the submanifolds Ain, are such that all their intersections are empty, that is, 
Ain n A4m = 0, and the intersection of the closure of a given stratum with another 
stratum Aim is either empty or Aim itself 

J^nMmT^^ ^ Mm CAU.. (5.3) 

There is a main stratum Aio, whose closure is Ai itself. The stratification is said to 
be ordered if for any m and n in J, either Aim. C Ain or Ain C Aim- For an ordered 
stratification, we label the strata by integers, such that m > n means that Aim C Atn- 
The main stratum Aio corresponds to solutions with ^ 0, hence to non-BPS 
solutions; it has the structure 

Mo = Rlx ^7f)4 , (5.4) 

where the coset S^*/Sj4 encodes the gravitational and electromagnetic charges for fixed 
c^, and the extra factor R*^ corresponds to the non-zero values of the BPS parameter 
c^. Clearly, re-scalings of c are not part of the group S^*; however, as we will show 
in the following section, they are associated to the so-called 'trombone symmetry' [15]. 
Modulo certain conformal diffeomorphisms, the latter can be incorporated into the full 
three-dimensional duality group C5, as we will show below. 

The other strata Ain with n ^ parametrise solutions with = 0. The charge 
matrix ^ of such strata parametrises stationary non-rotating extremal solutions, like 
spherically symmetric extremal black holes or multi-black-hole solutions. These strata 
are ^* -orbits with 

Mn=^*/Zn, (5.5) 
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where the 5„ = Zn{^) are the isotropy groups that leave invariant the given charge matrix 
and which were analysed in the previous section for pure supergravity. We note that 

the space of single-particle-like stationary solutions is likewise a stratified space. It differs 

from the above moduli space of charges only by the extra information not captured by 
namely the value of the angular momentum parameter a, which is restricted to lie in 

the interval — c < a < c because we are excluding hyper-extremal solutions (the values 

a = ±c give extremal Kerr solutions). 

We next show that each S^* -orbit in Ai is a Lagrangian submanifold of a 0-orbit 

space. For this purpose, we define a larger isotropy group = C consisting of 

all transformations g & <3 leaving invariant the given charge matrix clearly ^„ C 

To see that the inclusion 

^75n C (5.6) 
embeds S^* /Zn as a Lagrangian submanifold we introduce the symplectic form 

^{x,y)l^ = ^r'rf[x,y] (5.7) 

on &/2n- Here, x and y are invariant vector fields G T(C5/5Q which coincide with the 
class of Lie algebra elements [x], [y] g g/ j'„ = T^^[(5/^'^) at ^ G &/Z'n,'^° observe that 
the r.h.s. of (5.7) vanishes when a; or y or both are in and thus it is well-defined on 
/j^. On a point ^ G S^*/^n C (S/X, since G f)* it follows that, if [x] admits 
a representative x E [)*, the symplectic form uj{x,y)\,^ is non-zero only if [y] admits 
a non-trivial representative J/ G g ()*, which proves that T<^(iD*/-3n) C 7V(C5/5'„) is 
isotropic with respect with uj\^^. Moreover, for any non-trivial representative 1/ G g f)*, 
[^, y] is a non-zero element of P)* such that there exits a; G f}* for which Tr '^[x, y] ^ { 
the existence being ensured by the non-degeneracy of the symplectic form uj). Therefore 
T'^{^* /dn) C T<^(0/5'„) is Lagrangian with respect with u;|<^. We conclude that S)*/Zn 
is a Lagrangian submanifold of C5/^^ with respect to the symplectic form u. 

It is important to emphasise the link between the moduli spaces Ain (for n > 1) 
and the nilpotent adjoint orbits of the corresponding group, which have been extensively 
studied by mathematicians [38].^^ This link was already emphasised in [39], and we can 
now state it in a precise way. Although we are interested in real simple Lie algebras q, 
the characterisation of their nilpotent orbits requires one to consider the complexification 
0(C of g. Define Dt^j, as the variety of nilpotent elements of gc- a stratified space 

^°Here g / )'„ is the class of elements of g that become identified when their difference lies in jjj. 
^^We are grateful to B. Piolinc for having drawn our attention to [38]. 
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and each stratum is a C5c-orbit, where is the complexification of the simple Lie group 

where the index-set labels the different isotropy subgroups and thus the inequivalent 
orbits. The subspaces 

D^te = n ms^,, = n (gc e f^c) (5.9) 

are also stratified spaces which decompose into (real) C5-orbits and i^c-orbits respectively. 
The Kostant-Sekiguchi correspondence [40] states that their stratifications are identical 
since there exists a homeomorphism [41] 



(5 fic 



(5.10) 



Thanks to this homeomorphism, the problem of determining the stratification of the real 
algebraic variety DT© reduces to the much easier problem of determining the stratification 
of the complex algebraic variety 9^^,^,. 

In supergravity, the charge matrix lies in g f)*, and we are thus interested in the 
subvariety DTf,. C OT© 

m,r ='yie nig e[)*) (5.11) 

which defines the moduli space of charge matrices of (possibly singular) extremal spheri- 
cally symmetric black hole solutions. As we have just proved, ^^j* is in fact a Lagrangian 
subvariety of DTg in the sense that each i3*-orbit inside ^sj* is a Lagrangian submanifold 
of a 0-orbit inside DT©. Nevertheless, some 0-orbits of DT© do not contain any ^*-orbit 
inside Dl^j* . The ^*-orbits inside DT^^. can be classified by a determination of the inequiva- 
lent embeddings of f)* C such that a given representative of the corresponding nilpotent 
orbit in 01© lies inside f)*. In this way, one can compute the isotropy subgroups of 
^*-orbits without knowing explicitly the charge matrix ^ of any of its representatives as 
a function of the conserved charges w and Z. As we shall see, this permits one to show 
the existence of an ^*-orbit of non-BPS extremal solutions inside A4 in both A/" = 8 and 
J\f = 6 supergravities. 

Among the C5 nilpotent orbits, there is a minimal non-trivial nilpotent orbit which 
is at the boundary of any orbit inside OT©. In pure supergravity theories, the minimal 
(S-orbit {i.e. (25/ ((S4 k ([4 E)) in these cases), generically does not contain any ^*-orbit 
in f)*. Only in A/" = 6 and J\f = 8 supergravities do the respective minimal orbits 
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contain ^*-orbits of | BPS charge matrices. The minimal nilpotent orbits seem to be 
associated to maximally supersymmetric black holes in general. 

Since there is no uniqueness theorem for extremal solutions which would generalise 
Mazur's theorem for non-extremal solutions, it is natural to enquire whether higher- 
order orbits of ^sj*, which do not lie on the boundary of A^o? can correspond to regular 
extremal solutions of supergravity. There is no such orbit when the theory contains no 
scalar fields, but there can be many otherwise. 

Pure supergravity 

As we have shown in Section 3.3, for all supergravity theories with A/" < 5, all solutions 
with a vanishing BPS parameter c = are BPS and the stratification is ordered with 
respect to the BPS degree. Indeed, 7W is then the space of Spin*{2Af) pure spinors, 
which admits the following stratification by BPS degree 

Spin*(2Af) U(l) X Spin*(2Af) 



U{M) ' " (5t/*(2n) X t/(AA-2n)) K ( (□®H)©B_®1 ) 

(5.12) 

such that the last stratum is just a single point {0} (the trivial solution). The orbits of 
jj: BPS stationary solutions are of dimension N"^ — M + 1 — {2n + l)(r2 — 1). 

The stratification is more involved in the case of A/" = 6 supergravity. In this case 
Ai(p,q) corresponds to solutions which are | BPS in A/" = 6 supergravity and | BPS in 
the corresponding magic supergravity associated to the quaternions. Al(p,,) C A4(^r.s) if 
and only if both p > r and q > s, and 9Al(p,,) = Al(j,_,)0. 

, . ^ , SL{2,R)xSpzn*{12) 

^ SLi2,R)xSptn*il2) ^ S Li2,R) x Sptn* (12) 

Ic{SU{2)xU{4)) RxSU{6) 

SLi2,R)xSptn*{12) ^ S L (2, R) x Sptn* (12) 



IGL+{1, R) X Ic{SU{2) X Sp{2) x g^) IGL+{1, R) x Sp{3) x 

SL{2,R) X Spin* (12) 



Al(2.0) = 



A/I ^ 

IGL+{R) X Ic{SU{2) X Spin{6, 1)) 

5L(2,E) X Spm* (12) 



{SU*{4) X S0*{4)) x(n®H©g„®l) 



^ SL{2,R) X Sp^n*{12) 

IGL+{R)xSU*{6)xU. ■ ^ ' 
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This stratification is in agreement with the stratification of Dl^^f.g) [42], although the 
latter suggests that there is an additional stratum 7\/l(o,o)° of dimension 33 in the boundary 
of the main stratum Ai(^o,o), 

^ SLi2,R)xSptn*il2) 

= Spi3) K B^. X R ^^-^^^ 

whose boundary is 

5A^(o,o)° = -M(i,o)° U M^o,i)° U A^d.i) U Al(2,o) U M^3,i) ■ (5.16) 

This stratum does indeed exist, and corresponds to non-BPS extremal solutions, such 
as for example the ones discovered in [34] within the STU model. We note also that 
the first strata (corresponding to elements satisfying ad<:^^ = 0) of the nilpotent orbits of 
-^4(4), -^6(2) and -E'8(-24) all have the same stratification ordering as those of -E7{-5) [43]. 
This suggests that the moduli spaces of all four magic M = 2 supergravity theories might 
have the same stratification, i.e. that the quotients M./Sy* associated to these theories 
might all be homeomorphic. 

The moduli space of solutions to the quintic Af = 8 characteristic equation decom- 
poses into the strata 

M -TR* Y. ^ Sptn* (16) 



ic{su{2) X (e; X Sp{3)) K g^) 

^ Sptn*{16) ^ ^ Sptn*ilQ) 



(5pm(5, 1) X 5j9m(6, 1)) X ( 4 ® 8 © 6 ® 1 ) ' ^f/*(8) x g_ 

together with the trivial solution {0}. The ordering 0, 1, 1°, 2, 4 is in agreement with 
the stratification of ^Ef^i^gf [44], although the latter suggests that there is an additional 
stratum Ai^o of dimension 57 in the boundary of Mo, 

Sp{A) X g„ 

which has the same boundary as A4i. This stratum does indeed exist, and corresponds 
to non-BPS extremal solutions. None of the central charges of the solutions lying in this 
orbit is saturated {i.e. \zj^ < and they all satisfy (){w~^Z) < 0. 

Let us compare these moduli spaces with the moduli spaces of | and | BPS static 
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black holes [35] {i.e. with vanishing NUT charge) 



^6(6) K 27 + SpiA) 

^^^'^^ " P..(5,6fK(32eE) - X X ^^^Bm ^'-''^ 

where the -£^7(7) coset spaces correspond to orbits of the active duality group [45]. Note 
that the active -^7(7) transformations on solutions with non-vanishing NUT charge do not 
preserve the BPS degree in general, so that there is no well-defined action of the active 
duality group -^7(7) on the strata A^2 and The fact that the action does preserve the 
BPS degree for static solutions is related to the fact that the | BPS condition is associated 
to the vanishing of the quartic -£'7(7) invariant (}{Z) for asymptotically Minkowskian 
solutions, whereas it is related to the vanishing of (){w~^Z) in general. These strata are 
therefore non-trivial fibre bundles with respect to the Ehlers U{1): 

rT(-l) . Spin*{16) Tr(l\ Spin* (16) 

SU*{8)t<Q_ '-^ y'-) iSpin{5,l)xSpin{6,l))x{4<g,8®6m) 

i i ■ (5.20) 

-^7(7) -E'7(7) 

S6(6)IX27 Pm(5,6)K{32eR) 

It follows that there is no action of -^7(7) on A^2 and that would agree on a fixed 
SU{8) subgroup, with the action of Spin*{16). In fact, this would be inconsistent since 
their closure would then generate a well-defined action of -£^8(8) on the 29 (respectively 
46) dimensional strata whereas the minimal representation of -^8(8) is 5 7- dimensional [46]. 
Although there is no 29-dimensional representation of -^8(8); the minimal unitary repre- 
sentation of -E'8(8) acts on the space of functions defined on a 29-dimensional Lagrangian 
submanifold of the 5 6- dimensional minimal adjoint orbit [20, 21], which we have just 
proved to be diffeomorphic to 7VI4. We will come back to this observation when we 
discuss the nilpotency degree of the charge matrix on each stratum. 

The dimensions of the various strata of pure supergravity theories are summarised in 
the following Table: 
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Ar = 2 


Ar = 3 


A/' = 4 


Ar= 5 


Ar = 6 


Ar = 8 


U.LLLiyJV'lQ J 


A 


8 

o 




99 






dim(A<i) 


3 


7 


13 


21 


33 


57 


dim(A^io) 










32 


56 


dim(X2) 






8 


16 


26 


46 


dim(A<4) 










17 


29 



Table VI : Dimensions of strata in pure supergravity 



It follows from the cubic equation (or its quintic analogue) that a charge matrix of 
A^i satisfies = (or = for E'g). It turns out that the order of the stratum n is 
related to the nilpotency degree of the charge matrix in general and thus that for pure 
supergravity theories, the BPS degree of the solutions is characterised in a C5 invariant 
way by the nilpotency degree of the charge matrix. For A/" = 2, 3 the condition = 
implies that the charge matrix vanishes and that TVli is the last non-trivial stratum. As 
we will see in Section 6, for A/" = 4 supergravity, = on A/l2- To summarise briefly, 
we have for low values of M that 





N = 2 


A^ = 3 


N = A 


Ml 


^3 = 


^3 = 


^3 = 


M2 






^2 = 



Table VII : Nilpotency degree of charge matrices for = 2, 3, 4 

For A/" > 5 supergravity, the nilpotency degree in the fundamental representation of 
£6(-i4)! ^7(-5) or ^8(8) is ^ot cuough to characterise the degree of the strata. It is then 
useful to consider A/" = 4 supergravity as a consistent truncation of A/" = 5 supergravity, 
both of them as consistent truncations of A/" = 6 supergravity, and all three of them as 
consistent truncations of A/" = 8 supergravity. These truncations can be understood from 
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the decompositions of e8(8) 



e8(8) =su(2) © e7(_5) © (2 © 56)^^ (5.21) 

= su(2) © (u(l) © e6(-i4) © 27) © (2 © 2 (g) 27) 
^ su(2) © u(l) © (u(l) © so(2, 8) © 16+) © (lO © 16_ © l) © 2 © 2 ® (lO © 16_ © l) 

where the representations are complex when unspecified. It follows that a solution of 
A/" = 5, 6 supergravity, corresponding upon embedding into Af = 8 supergravity to a 
solution with an C8(8) charge matrix satisfying = 0, has an e6(-i4) or e7(_5) charge 
matrix that satisfies both 

^" = and ad.^" = . (5.22) 

The condition = on implies ad^^^ = 0. For ^ BPS solutions in A/" = 8 
supergravity, it is convenient to consider the case for which they can be understood as | 
BPS solutions in TV = 4 supergravity. The spin(2, 8) charge matrix then satisfies = 
in the spinor representations, which implies ad<^'^ = 0. However, one checks that the 
charge matrix is not nilpotent in the vector representation [^,r^]] ^ 0. Since the 
fundamental representation of -E'6(-i4) decomposes into the direct sum of the antichiral 
spinor representation, the vector, and the trivial representation with respect to spin(2, 8), 
it follows that the charge matrix of | BPS solutions of A/" = 5 supergravity satisfy both 
"^3 = and adc^^ = 0, but ^ q. The same property holds then for charge matrices of 
the ^ BPS solutions of A/" = 8 supergravity and for the elements of = -^(2,0) U A4(i,i) 
in A/" = 6 supergravity. 

One computes that the | BPS solutions of A/" = 6 supergravity have charge matrices 
which satisfy = 0, from which it follows that ad<^^ = 0, and so the | BPS solutions of 
A/" = 8 supergravity have charge matrices which satisfy = 0. Note finally that = 
implies ^ = for e8(8) ©spin* (16), and therefore the nilpotency degree of the charge 
matrix in the adjoint representation does not disentangle the | BPS solutions from the 
I BPS ones. It is useful then to consider the embedding of A/" = 4 supergravity coupled 
to six vector multiplets inside maximal supergravity. The latter can be understood from 
the decomposition 

C8(8) = spin(8, 8) © 5+ . (5.23) 

Both the I and the | BPS solutions of A/" = 8 supergravity that are also ^ BPS solutions 
of A/" = 4 supergravity coupled to six vector multiplets have charge matrices which are 
nilpotent in the spinor representation = 0. As it will be explained in the final sec- 
tion, the difference between j and ^ BPS solutions of A/" = 8 supergravity is characterised 
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in A/" = 4 supergravity by the fact that the spin(8, 8) charge matrix corresponding to the 
latter are also nilpotent in the vector representation [^s., ['^5_,r*'^]] = 0, whereas the | 
BPS ones are not. 

In order to characterise this \/\ difference in maximal supergravity, one has to con- 
sider (for example) the charge matrix in the 3875 representation of e8(8) that arises 
in the decomposition of the rank two symmetric tensor of the adjoint representation. 
As well as the adjoint representation, the 3875 is five-graded with respect to the sub- 
group S'L(2,R) X i?7(7) (see appendix A), therefore the quintic characteristic equation 
is also valid in the 3875 representation. It follows that the BPS charge matrix satisfies 
^3875^ = 0. The 3875 of -^8(8) decomposes into the following representations of Spin{8, 8) 
[47] 

3875 = iV® V)^ © (5_ ® 5_)| © (V^ © 5_),e,o (5.24) 
The action of ^ in the tensor product representation 

'^s_^s_ = 1 © ^s- + ^s- ® 1 (5.25) 

to the third power 

%_^sJ = 1 ® "^sJ + 3^5_ ® ^5_' + 3'^5_' ® + "^sJ ® 1 (5.26) 

vanishes if ^s-'^ = 0- Then if both ^s-'^ = and = 0, it follows in the same way 
that 

%J3^ = = ^192o'^ = . (5-27) 

The charge matrices associated to ^ BPS solutions of A/" = 8 supergravity thus satisfy 
that 

%sJ = 3(^ © + © ^)_^_ = . (5.28) 
However, if = but 7^ 0, 

^J = Q(^^^0^^^)^^^O . (5.29) 

Therefore, the charge matrices associated to ^ BPS solutions of A/" = 8 supergravity are 
such that ^3875'' 7^ 0. 
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To summarise, we have that 





Af=5 


Ar = 6 


Ar = 8 


Ml 


= ad^/ = 


^3 = ad^^ = 


= <^3sr5' = > 


Ml- 




'rf'^ = ad</ = 


= = = 


M2 


^3 = ad^/ = 


^3 = ad^^ = 


= = = 


M4 




^2 = ad.^^ = 


= = = 



Table VIII : Nilpotency degree of the charge matrices for = 5, 6, 8 
The conjectured additional stratum Mqo is in the same complex orbit of Eg as Mi, 
and the corresponding charge matrix thus satisfy the same nilpotency condition. How- 
ever, the -5^7(7) invariant is strictly negative in this case. Such non-BPS solutions would 
correspond to particular values of the conserved charges for which the purely gravita- 
tional contribution to horizon area cancels exactly the one associated to central charges 
of negative -^7(7) invariant. 

Of course these nilpotency conditions also define the corresponding nilpotent orbits 
in As we have explained in this section, the moduli spaces Mn are Lagrangian 

submanifolds of the corresponding orbits in Dl©, with respect to the symplectic structure 
associated to the Lie algebra. The link between extremal black hole solutions of maximal 
supergravity and these nilpotent orbits was already noticed in [39] . It turns out that the 
representations of -^8(8) on the nilpotent orbits of ^Egi^g) ^^^^ unitary representations 
of -^8(8) on the space of functions supported on Lagrangian submanifolds (see [48] for the 
case of i?8{-24))- There have been speculations that such "quantised" representations of 
i?8(8) would play a role in the quantisation of black holes [49]. It is rather natural to 
conjecture that there exist unitary representations of the group & on the moduli spaces 
Mn which are induced by the adjoint action of (5 on the corresponding nilpotent orbits 
of or© in which Mn can be embedded as Lagrangian submanifolds. The associated 
symmetric quantum mechanics on the moduli spaces of extremal spherically symmetric 
black holes might permit one to compute non-perturbative corrections to the action 
defining the stationary equations of motion of supergravity theories. 
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5.2 Active duality transformations and parabolic cosets 

Unlike the elements of the divisor subgroup io* C C5, a general element g & (5 does 
not in general preserve asymptotic conditions through the standard non-linear action. 
Nevertheless, for d > 4, it is possible to define an action of the whole duality group, 
different from the standard non-linear action, which preserves asymptotic conditions in 
such a way that the action on electromagnetic charges is the same as the standard non- 
linear action [15]. 

Action of the four-dimensional duality group 04 

In four dimensions the electromagnetic charges transform in a representation [4 of the 
duality group 04 . Given any (7 G (S4 and any particular set Z G [4 of such charges, there 
exists a Borel subgroup 53^ C ^4 that leaves Z conformally invariant (that is, invariant 
up to a factor), 

gZ = X^g,z)Z A(,,z)GR; (5.30) 

and which is big enough to act transitively on the symmetric space ©4/534. Furthermore, 
there is a distinguished generator z G 03^ such that any element of 03^ decomposes as 
the product of an element exp(ln A z) and an element that leaves invariant the charge Z, 
such that — ^ ^oz- By the Iwasawa theorem, we can represent g in the form 

9 = u^g,z) exp In \g^z) ^) (5.31) 

with G ^4 and ^ ^oz- Of the three factors in (5.31), only the first leaves 

invariant the asymptotics of the scalar fields. However, due to the invariance of Z under 
the last factor, we need only worry about implementing the action of the middle (scaling) 
operator in a way compatible with the asymptotics. This is what the so-called 'trombone 
symmetry' is needed for. 

As originally defined in [15], the trombone symmetry is a symmetry of the equations 
of motion of any pure supergravity in any dimension, but it is not a symmetry of the 
action. It acts on the fields as a rescaling of the various tensor fields with a weight given 
by their rank; on the metric, the vectors and the scalars it thus acts as 

g^,uix) X'^g^uix) Af,{x) \A^{x) 0(x) 0(x) . (5.32) 

In other words, this symmetry acts like a Weyl transformation with a constant parameter 
A. By the diffeomorphism invariance of the theory, the above action is equivalent to a 
coordinate rescaling (p{x) — (f{X~^x) on all fields without rescaling the various tensor 
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fields according to their rank. By definition, this compensated trombone transformation 
preserves the asymptotic behaviour of the solution, and acts on the charge Z by a rescal- 
ing, precisely as in (5.30). Consequently, the action of an element G 04 of the active 
duality group on a solution with charge Z, is defined, via the Iwasawa decomposition 
(5.31), as the successive action of the compensated trombone symmetry of parameter 
A(g^^) and the standard non-linear action of the element G ^4- By construction, 

the action of the active duality group preserves the asymptotic behaviour of the solution 
and acts on the charge Z as in (5.30). However, it does not preserve the number of pre- 
served supersymmetry charges in general. Nevertheless, non-supersymmetric solutions 
remain non-supersymmetric under the action of the active duality group ©4. Although 
(5.30) would seem to suggest that one can take A — 0, this limit is not in the orbit space: 
the Iwasawa decomposition (5.31) holds for any element G 04 with non-zero A > 0. 
In other words, the group 04 does not mix BPS and non-BPS solutions. As we will 
see below this is a crucial difference with respect to the action of the three-dimensional 
duality group whose maximal subgroup S)* is non-compact. 

From the above discussion, it follows that the 04-orbits are of the form 

^ ^ R* X — . (5.33) 

The fact that these orbits take the form of parabolic cosets over the group 04 explains 
why we have a proper group action of the full group 04 on them. Since the active 
transformations act on the charges linearly, one can furthermore restrict the action of 
04 to an arithmetic subgroup that preserves the Dirac quantisation condition and acts 
linearly on the lattice of quantised charges [15]. For maximal TV = 8 supergravity, the 
parabolic stability groups ^0 z C -^7(7) of the 56 electromagnetic charges and their -£^7(7)- 
orbits were analysed and classified in [35]. 

Action of three-dimensional duality group 

We now wish to generalise this construction to three dimensions in such a way that an 
action of the full duality group can be implemented on the orbits. In three dimensions, 
the charges are associated to the scalar fields themselves, and they transform in the 
adjoint representation of 0. In the adjoint representation, the subgroup of that leaves 
a given element of its Lie algebra q conformally invariant (the would-be analogue of QSq) 
is not big enough to act transitively on (&/Sj*. However, as we are going to see, one can 
nevertheless generalise the concept of active transformations to three dimensions. There 
are several new features and subtleties here, which we will now explain in turn. 
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From the five-graded decomposition of g, one can define a maximal parabolic subgroup 
^ C C5, whose Lie algebra p consists of all generators with non-negative gradation, i.e. 

p^l^egf ©[(^)©1(^) . (5.34) 

The gradation is defined with respect to the generator h ^ q, and ^ = x where 
^0 C ^ is the subgroup generated by 

Po = © i'l' © 1^'^ (5.35) 

from which the generator h has been omitted. The maximal parabolic subgroup ^ can 
be associated to the charge matrix 'io = ch similarly to the way that the Borel subgroup 
C 04 can be associated to a given charge Z in higher dimensions (we assume c > 
for the moment). By contrast, the adjoint action of does not leave the generator 
h invariant, but only its subgroup 04 does: from the four- dimensional point of view, a 
solution associated to the charge matrix ^ = c/i is purely gravitational, while the action 
of the 04 subgroup only shifts the scalar fields by constants. 

We use the common convention that the 0/5^* coset representative V is defined as a 
function on the parabolic subgroup for which the 04 component is defined to be a 
given representative of a coset element 04/^34. Then the action of an element p G ^ on 
V only requires a right compensating transformation /i4 G i^4 C S)* 

V{p) =pVh^{py) , (5.36) 

needed to compensate for the component of p lying in 04. It follows that the generators 
of [4 ' act on the electromagnetic scalars by constant shifts. The latter decompose into 
two subsets. Half of them act on the scalars arising from the time components of the 
Maxwell one-forms as global gauge transformations^^ 

A + iatit = e-^"*(rf + A)e'"* . (5.37) 

The other half correspond to shifts of the integration constants appearing in the defini- 
tions of the scalar fields dual to three-dimensional one-forms associated to the dimen- 
sionally reduced Maxwell fields. We conclude that the action of the generators of [4 ^ 

^^For a non-zero NUT charge, the timehke isometry orbits are compact and there is a topological 
quantisation condition on the parameter a. However we will interpret the action of these generators as 
large gauge transformations when acting on a solution with charge matrix 'I0 = ch for which the timelike 
isometry orbits are non-compact and a can then take arbitrary values. 
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on a solution can be interpreted as large gauge transformations. Likewise, the action 
of the generator e G 1'^- on a solution amounts to a shift of the integration constant 
appearing in the definition of the axion field obtained from the four-dimensional metric 
by dualisation in three dimensions. Therefore, the action of the group on a solution 
with a charge matrix "io = ch amounts to a reparametrisation of the solution. In other 
words: although the map V PqV for po ^ changes the asymptotics of V, in which 
case the scalar field configurations V and poV, for ^ ^^o, would be regarded as inequiv- 
alent from the point of view of the three-dimensional theory, they are in fact physically 
equivalent from the point of view of the four- dimensional theory because the constant 
shifts induced by po a-U drop out in the relevant charges as computed in four dimensions. 
The present construction thus retains a 'memory' of the four-dimensional origin of the 
three-dimensional theory. 

The remaining generator of the maximal parabolic subgroup ^ is the generator h 
itself. It follows from the five-graded decomposition (2.1) of g that its action on a given 
solution is again a trombone-like symmetry. The latter is a modified version of (5.32) 
which scales spacelike and timelike indices differently, and which only exists for stationary 
solutions. More specifically, we have 

5(00 (x) X'^gooix) gof,{x) ^ go^,{x) gf,u{,x) A"V^(x) 

Ao{x) XAo{x) A^{x) ^ X~^A^{x) (5.38) 

where x^ now denotes the spatial coordinates, and Greek indices are understood to run 
from 1 to 3. By diffeomorphism covariance, this action on stationary solutions is equiv- 
alent, to the 'compensated trombone' transformation 

t^ Xt x^ ^ X-^x^" , (5.39) 

i.e., to a 'weighted' rescaling of the four-dimensional coordinates (t, x^) without rescaling 
the tensor fields with respect to their rank.^^ 

For any other charge matrix ^ in the i3*-orbit of ch we have ^ = U'-^{ch)U^^ for 
some U^ff G S)* . Consequently we can define the associated maximal parabolic subgroup 

^•^That (5.38) is indeed correct is most easily seen for pure gravity in four dimensions: using goo = 
— i7, (7o/j — ^HB^, the duality relation H^dB — -kdB and the standard Kaluza Klein formula 

gfiu = H ^jf_iu — HBf^B^ , 

we see that the three-dimensional fields scale as H ^ X^H and B X^B (as it must be, since (ff, B) 
coordinatise the cr-model manifold SL(2, M)/ SO(l, 1)), while 7^,^ is invariant. This corresponds precisely 
to the action of h in the five-graded decomposition (2.1). 
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= f/<^^f/<^^ C G5 whose Lie algebra p^^ C g is generated by the eigenvectors of the 
adjoint action of ^ with positive eigenvalues. As for any element of ^^g- can be written 
as the product of an element of the form exp(c~^ In A^^) and an element of the subgroup 

Inspired by the definition of the active duality group transformations in [15], we now 
define the active transformations in the three-dimensional theory in such a way that the 
action of an element of the maximal parabolic subgroup on a solution of charge matrix 
^ is given by the compensated trombone transformation with parameter given by the 
component of the element associated to the generator However, there is another 
subtlety which distinguishes the three-dimensional theory from the four- dimensional one, 
and which is related to the fact that the maximal subgroup S^* is not compact, unlike 
the group Sj^ in (5.31). If we were dealing with the compact form instead (as would be 
the case for Lorentzian solutions corresponding to the reduction with a spacelike Killing 
vector), the Iwasawa theorem would entail the isomorphism 

& Si S) 

such that the moduli space of charges could be identified with the parabolic coset 

in complete analogy with (5.33). The formula (5.40) would furthermore ensure that a 
proper action of the full group can be implemented on the full orbit space. Here, by 
contrast, the maximal subgroup i^* C C5 is non-compact. Because the Iwasawa decom- 
position does not generally hold with maximal non-compact subgroups, the isomorphism 
(5.40) is no longer valid if we replace ^ by so stationary solutions cannot fully be 
described in terms of parabolic coset spaces. Rather, the breakdown of the Iwasawa the- 
orem is precisely linked to the existence of BPS orbits, whereas the isomorphism (5.41) 
is possible for spacelike reductions because of the absence of BPS colliding plane wave 
solutions. Indeed, the following analysis will trace out in detail the link between different 
types of BPS orbits and the subsets of C5 for which the Iwasawa decomposition fails, and 
will relate them to the strata 7V1„ discussed in the foregoing section. 

For a non-compact maximal subgroup S)* , the Iwasawa theorem only holds on a 
dense subset C 0. Every element g E = U-^^U^^ in this dense subset can be 
decomposed into a product of an element ^ •^*' ^ 'diagonal' element exp(c"^ In A^) 

(with \gcg > 0) and an element p E'^q^^ as follows 

9 = U(g,'g) exp (c~^ In X(g,'g)'^^ P{g,^e) ■ (5.42) 
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The singular elements g ^ <5\ (where the Iwasawa decomposition breaks down) cor- 
respond to limits of regular elements € '&^g for which \g^.^^g) 0, while simultaneously 
the element ui^g^^g) goes to the boundary of the non-compact group ff , in such a way 
that the limit g = limgk G S5 is well-defined. This is one main difference with (5.31) for 
which no such limit can be taken because ^4 is compact. 

The active duality group transformation corresponding to an element g G on 
a solution V(x) with a charge matrix ^ with c > is now defined as the successive 
action of the compensated trombone transformation with parameter )^(g,^g), followed by 
the standard non-linear action of the group element ti(g,<i(f) G Sj* [as computed from (5.42); 
note that this decomposition depends on the initial solution V via its associated charge 
I.e. 

g : V(x) ^ V{x) := «(,.^) • V(A(^^\^)x) ■ .^), V(A(-^\^)X)) , (5.43) 

where the matrix V(x) is triangular {i.e. V G ^^), and the compensator h ^ Sj* restores 
the triangular gauge, but now with respect to ^^(g), where the transformed charge matrix 
is computed from (2.9) as 

^(^7) = Uigx) ^ ulg)g) (5.44) 

while the BPS parameter transforms as 

c{9) = \g,v) c . (5.45) 

The remarkable fact is now that these transformations define regular (and non-trivial!) 
solutions even when M(g,<r) and X{g,'S') become singular separately. For A(gj,^<i^) — we have 
limc(5'fc) = 0, and therefore the initial non-BPS solution is mapped to a BPS solution. 
From (5.42), we see that the limiting matrix g = limk gk no longer admits an Iwasawa 
decomposition with respect to 'if. Consequently, the elements g E & for which the 
Iwasawa decomposition fails are precisely the ones that map non-BPS to BPS solutions. 
However, as we already indicated, this procedure fails to define a proper Lie group action 
in general owing to the existence of non-trivial solutions with c = 0. As defined above 
the action of the active duality group cannot be 'inverted' in the sense that the above 
procedure cannot be applied to solutions with vanishing BPS parameter, because there 
are generators in the Lie algebra q whose action diverges in the limit c — 0. In other 
words, the group cannot act properly on all solutions. 

One can understand the 'almost action' of the active duality group from a more 
geometrical point of view. The 'almost Iwasawa decomposition' (5.42) permits one to 
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define^'' a homeomorphism between Aio — 1^+ x ^*/^4 and ^/^o- The 'almost action' 
of & on Aio can then be derived from the action of & on ^/^o using this homeomor- 
phism. One cannot extend this 'almost action' to a Lie group action on M. because the 
codimension of A^i in Aio (which equals 1) does not match the codimension of the subset 
\ on which the Iwasawa decomposition fails. More specifically, the homeomorphism 
between Ai^ and 6/^o does not extend to a homeomorphism between A4 and (S/^o- 
Basically, the dimension of the complement of A4o inside (5/^o is of lower dimension 
than the next stratum Aii = 9)* /Zi, in such a way that the moduh space of charges A4 
cannot be homeomorphic to the coset space (5/^o- When S^* admits a U{1) factor, 

Mo = Rlx ^7^4 = ^^^^^^^^ (5.46) 

and Aio is locally isomorphic to C x [4. The complement of the image of the embedding 
of TVlo = X Sj*/Sj4 into (J5/^o inside (S/^o corresponds to limit points of C x [4 for 
which the complex parameter goes to zero as the vector of [4 diverges. It follows that 
this subspace has same the dimension as [4, whereas the stratum Aii is of dimension 
dim[k] + 1. 



dim[A4i] = dim 



^^M=MoUMiU-- - . (5.47) 
+'0 



Note, however, that the above argument works only for TV < 5; for TV = 8 one would 
need to better understand how to characterise the subsets of -^8(8) on which the Iwasawa 
decomposition fails. These conclusions can also be stated differently as follows: while 
there exists an 'almost action' of & on the main stratum Mq, no proper action of (S can 
be implemented on the various BPS strata: these being Lagrangian submanifolds, they 
have only half the dimension that would be required for a non-linear realisation of 0. 

In this discussion, we have not really been able to precisely generalise the notion of 
active duality-group transformations to the three-dimensional theories. In this connec- 
tion, one can identify two noteworthy differences with respect to the higher-dimensional 
cases which seem to be unavoidable. First, the action of the active duality group on the 
relevant charges is no longer equivalent to the standard non-linear action of the group. 
Second, this action is highly non-linear, which follows from the fact that the charge ma- 
trix involves gravity degrees of freedom as well. We conclude that the common idea that 
the three-dimensional duality group & is broken at the quantum level to an arithmetic 



^"'Note that the action of *Po is well-defined on the submanifold © C ©, since, by definition, its action 
on © preserves the property of admitting an Iwasawa decomposition. 
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subgroup, with the relevant representation simply defined over the integers, might be too 
naive. 

Nevertheless, the difficulties that appear in trying to define a non-linear realisation of 
an arithmetic group, could as well give a solution to the singular behaviour of the 'almost 
representation' on the BPS strata. Our expectation is that even if there is no well-defined 
action of (5 on the moduli space Ai, the space of functions on M. could admit a non-linear 
action of the duality group (5. We have already seen in the last section that the strata 
of A4 \ Aio are Lagrangian submanifolds of the corresponding nilpotent orbits in D^®. 
Sj*/Sj4 is itself a Lagrangian submanifold of the (3/&4-OThit of the generator /i G g. It 
seems possible that the action of on a solution in q of the characteristic equation (2.21, 
2.22) induces an action of (5 on the space of functions defined on A4. For instance, the 
stratum of | BPS solutions of A/" = 8 supergravity is a 29 dimensional Lagrangian 
submanifold of the minimal adjoint orbit 25/^0; and the minimal unitary realisation of 
£^8(8) [20, 21] might be defined on the functions supported on The non-perturbative 
corrections to the three-dimensional Euclidean theory describing stationary solutions of 
A/" = 8 supergravity should be invariant under the action of an arithmetic subgroup 
£'8(8)(Z) of -E'8(8)- The corresponding automorphic forms can be written [20] 

#^8(8)(,l;) = p(V) ^SpinHW)) , (5.48) 

where "^spiwiw) is the so-called spherical vector, which would in this case be a Spin* (16) 
invariant function over Ai^. p(V) is the coset element V in the minimal unitary represen- 
tation, and '^E8^s)i'^) -^8(8)(^) invariant distribution defined over A spherical 
vector Spin* (16) and its p-adic equivalent defining "ifEg^s^cz) have been computed in [20] 
and [50] respectively. This formula suggests that non-perturbative corrections can be 
identified as observables of the quantum mechanics of a particle living on A/l4 associated 
to the operator p(V). 

We are next going to illustrate the definitions of this section with the two simplest 
examples, namely pure gravity and Maxwell-Einstein theory. 

5.3 The SL{2, R)-orbit of Taub-NUT solutions 

The simplest example is pure gravity in four dimensions, for which we can define an 
'active' realisation of the Ehlers group SL{2, R) on stationary solutions following the 
steps described in the foregoing section. The s[(2, R) generators of the Ehlers group 
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decompose as 



hh + ee + f]l3= \ ^^""^j^ ■] (5-49) 



Here, the SO (2) generator (3 = e — f preserves the asymptotics, while e is the nilpotent 
generator of the subgroup — The Iwasawa decomposition of an SL(2, R) matrix^^ 
imphes that an element of the coset SL{2, ]R)/]R decomposes as the product of an 50(2) 
element and an element of the parabolic subgroup ^ = R) as follows 

(5.50) 






The charge matrix is 

n 

\ I G s[(2,E) eso(2) . (5.51) 

—m 

Following the steps of the preceding section (in particular formulas (5.44) and (5.45)), 
the active action of an element of SL{2, R) on the Schwarzschild solution of unit mass 
and vanishing NUT parameter is such that the upper triangular matrix on the right in 
(5.50) can be disregarded, while the diagonal element raises the BPS parameter from c = 
m = 1 to c = \/m? + n^ = vT+T^/i through the action of the trombone transformation. 
Finally, the 5*0(2) element determines the value of the mass and the NUT charge in such 
a way that the new solution has mass m = -^^^ and NUT charge n = -7=5 yu. This 
defines the isomorphism 

^ ^ (5.52) 

between the moduli space (m, n) ^ (0, 0) of Taub-NUT solutions, and the parabolic coset 
5L(2,R)/R. The triangular form of the coset element defines only local coordinates on 
this space. The coset space is a (trivial) line bundle of fibre R!^ over the parabolic coset 
5L(2, R)/JGL_(_(1, R) = S^, and thus is diffeomorphic to a cylinder. This cylinder is 
covered by the coordinates (/i, b) G R!j. x R plus an R^ half-line defined by the limit 
b ±00 and /i in such a way that \b\fi is a finite positive number. The map 
/i' = fi\b\, b' = defines a complementary open set of coordinates for which the limit 
point coordinates are now regular. This limit point corresponds to the Schwarzschild 



^^Because 5*0* (2) ~ 50(2) is compact, a breakdown of the Iwasawa decomposition is not an issue 
here, which is consistent with the fact that pure gravity in four dimensions does not admit BPS solutions. 
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solution with negative mass — The cyhnder is closed at one end by adding the 
trivial stratum Aii consisting only of the point {m,n) = (0,0). 

In this way one obtains an action of SL(2, R) on the Taub-NUT solutions defined 
from the left action on SL{2,lCj/'R through the map {m,n) = ^ Jj^ jLt, 7^p/^)- '^^^^ 
map has as inverse 

= ^V(c + m)2 + n2 6 = (5.53) 



For a general element of 5'L(2, R), (7 



a P 
7 (5 

following transformation of the solution's charges: 



with aS — f3'y = 1, one obtains the 



(a^ + nc + (a^ -Y-f3^ + 6^)m + 2(a/3 - -f5)n 

Tfl = ^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 

,_ 2(a7 + I3b)c + 2(^7 - /j^)m + 2{ab + /j7)n 

V^2(a2 + y + /52 + 52) + 2(a2 + ^2 _ ^2 _ 52)^ + 4(^/5 + ' 

To derive these formulas, one first expresses (/i, 6) via (m, n), then works out the non- 
linear action of SL{2, R) in order to obtain 

/i' = (a + [3h)n , 6' = ^ (5.55) 

a + po 

and finally expresses (m', n') in terms of the new parameters (/i', h') as functions of (m, n). 
This construction extends trivially to non- vanishing angular momentum by taking a Kerr 
solution as the reference solution. The action is the same with the value of (a/c) kept 
fixed. 

In order to see explicitly that the 'active action' (5.54) is actually the same as the ab- 
stract formula (5.44), we must perform an Iwasawa decomposition of the general SL{2, R) 
element g, but with ^ from (5.51) rather than h as the diagonal element, as in (5.42). 
After some algebra we arrive at 

1 -b\ 1 / (c + m)A + (c-m)A-^ n{X - X~^) 




^/TT¥ \b I )2cy n(A-A^i) (c-m)A + (c + m)A^i 

xlf 2c -ne {c + m)e\ ^^^^^^ 
2c \ (— c + m)e 2c + ne j 

where the matrix in the middle is just exp [c~^(lnA)^], the matrix on the left is the 
5*0(2) rotation and the matrix to the right is the parabolic element ^(g,',^) that 
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leaves invariant the charge matrix ^ from (5.51) through the active action (5.44). The 
parameters in these matrices are given by 

^_ (7-/5)c+(7 + /5)m+((5-a)n 1 _ {a + 6)c + {a - 6)m + {f3 + -f)n 

~ {a + 5)c +{a- S)m + (/? + 7)n ^/TTW ~ 2^ 

^^/{a^ + 72 + /32 + S^)c + (a^ + y _ ^52 _ ^2)^ + 2(a/? + 75)n 
2c 



n/? — (c — m)a + A ^ (77,7 + (c — m)(5) 

e = 7 — ^. (5.57) 

[c — m)p + na 

Finally, we would like to point out that it is by no means evident from (5.54) whether 
and how the continuous duality group SL{2, R) can be broken to an arithmetic subgroup 
such as SL{2, Z) upon quantisation. Although one can of course restrict the action (5.54) 
to elements g in such an arithmetic subgroup, the resulting (discrete) set of admissible 
charges (m, n) does not appear to have a nice structure satisfying a Dirac quantisation 
condition. As this is the simplest example involving gravitational degrees of freedom, 
similar comments apply to the larger duality groups of all supergravity theories with 
Ar> 1. 



5.4 Maxwell-Einstein theory [6 = SU{2, 1)] 

The simplest example including nontrivial BPS solutions (which do not exist for pure 
gravity) in which one can make completely explicit the failure of the construction to 
define a group action for a non-compact divisor group Sj* is Maxwell-Einstein theory, 
for which the coset space is S'f/(2, l)/f/(l, 1). Defining a group action of the duality 
group (5 on the space of solutions requires the vector fields defining the Lie algebra g to 
be regular. If the divisor group Sj* is non-compact, these vector fields are regular only 
on a dense subspace of the space of solutions, but diverge like ^ as one approaches the 
subspace of BPS solutions. For this reason, the action of the duality group will be ill 
defined on this subspace so that some of the directions in the group degenerate and do 
not define transformations. Nevertheless, the vector fields do allow for transformations 
that allow one to move from any non-BPS solution to any other solution with the same 
angular momentum ratio (c/a), including the BPS solutions (with this fixed ratio). 

The Lie algebra su(2, 1) decomposes into a direct sum of su(l, 1) and the parabolic 
subalgebra p generated by h, f3, e, x and y (with the corresponding parameters h, /3, e, x 

^^Related results for MaxwcU-Einstcin theory have been obtained by L. Houart, A. Kleinschmidt, 
N. Tabti and J. Lindman-Hornhmd (A. Kleinschmidt, priv. comm.). 
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and respectively). Hence, any element u G su(2, 1) has the form 



u 



a 
ia 



la 
—a 

where the left summand is in su(l, 1 



—2ia 



/ h + ip 


V 



e 

-h + iP 
-y — ix 



X + iy ^ 


-2t(3 J 



(5.5^ 



The charge matrix is 



V 



m 


n 


z 

V2 


n 


—m 




z 







V2 





e su(2,i)eu(i,i) 



(5.59) 



As explained in Section 5.2, h acts like the trombone transformation, up to a pseudo- 
conformal diffeomorphism. The action of e amounts to the addition of an irrelevant 
constant to the axion field, and y defines a shift of the magnetic scalar in a similar way. 
The final generator x acts as a global gauge transformation. We thus define the 'active' 
SU{2, 1) on the space of solutions in such a way that the generators e, x and y act 
trivially on the Kerr solution, and the generator h is defined to act as the compensated 
trombone transformation on it. 

The generator f3 of the four- dimensional duality group leaves the Kerr solution invari- 
ant as it does any pure gravity solution. The isotropy subgroup of SU{2, 1) of the Kerr 
solution under the active transformations is thus the group — IcU{l) generated by the 
Lie algebra elements /3, e, x and y, which together with the h generator define a maximal 
parabohc subgroup ^ = ix /cf/(l) C SU{2, 1). The naive model for the full space of 
solutions at fixed angular momentum is thus the coset space SU{2, l)//cf/(l). However, 
the map from the space of solutions into this coset space fails to be an isomorphism on 
the subspace of BPS solutions. 

The subsequent analysis proceeds along the same lines as for pure gravity. Let us 
first look to the coset space itself. It is a trivial fibre bundle over SU{2, 1)/^ = with 
fibre Its (lower) triangular matrix form is 



/ 1^ 

fi{b + 2|gp) 

y V2i2q* 











\ 

^/2^q 



(5.60) 



with local coordinates > , 6 G R and g G C. This coordinate system does not cover 
the whole coset space, h and q can be regarded as stereographic coordinates on the 
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three-sphere S^, such that the map 



fx 



b' 



i\q\ 



(5.61) 



gives the coordinates on the other hemisphere. It remains for one to add the points at 
infinite b and q with a finite strictly positive value of + \q\'^ /i. As for the pure gravity 
case, such points correspond to Kerr solutions with a negative mass — \/^^~+~\q\^ jJ'- 

The coset matrix (5.60) admits a 'singular Iwasawa decomposition' as a product of 
an element of ?7(1, 1), an element generated by h and an element of /cf/(l), viz. 



( 



1 










V(l-|q|2)2+b2 














1 






V(l-kP)2+b2 




~|gP)2- 




















-k|2)2- 











\ 



v 








^(l_|5|2)2+fe2^ 







1 



V 








h-i\q? 
({l-k|2)2+f)2V2 

1 

(l-k|2-i% 





1 



(5.62) 



We see that the decomposition becomes singular for the subspace of unit modulus |gp = 1 
and zero b] that is, the subset of SU{2, 1) on which the Iwasawa decomposition fails is 
always conjugate to a cylinder x in SU{2, 1).^^ Nevertheless, one can associate a 
solution of the Maxwell-Einstein equations to any generic point. If we apply this coset 
element to the Schwarzschild solution of unit mass {i.e. 771 = 1, n = z = in (5.59)), the 
subgroup *Po does not act, while the diagonal element changes the BPS parameter from 
c = -^/m^ + ra^ — = 1 to A = a/(1 — l^zP)^ + b"^ /i, and the f/(l, 1) element yields the 
transformed charges as 



2b 



m 



I2^2 



fx 



n 



b^ 

1 - |gp + ib 



|9 



2^2 
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2g/i . 



2^2 



62 



(5.63) 



^^Which also corroborates our previous claim that the set on which the Iwasawa decomposition fails 
is of codimension 2 in © = SU{2, 1). 
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Inverting this map we obtain 

/i = ^ v^(c + m)2 + ri^ 

2nc z 

b = 7 ro 7 1 = • 5.64 

(c + mj"^ + n"^ c + m + tn 

In the BPS limit, the map projects out the overall phase of z and m + in, which corre- 
sponds to the action of the U{1) center of U{1, 1) on these solutions (this U{1) rotates 
m + in and z in the same way, but is not 'seen' by the coordinates {fi,b,q)). With 
these formulas at hand, we can explicitly verify our previous claim that the combined 
'active action' of the two left matrices in (5.62) according to (5.44) and (5.45) remains 
well-defined even though the matrices separately become singular. 
The action of a Lie algebra element of su(2, 1) 



/ ia + h b + (3 V2{x + iy + r + is) \ 

b — 13 ia — h V^iv — ix — s + ir) 

\ V2{—x + iy + r — is) —\/2{y + ix + s + ir) —2ia j 



(5.65) 



is obtained in complete analogy with (5.54). A slightly tedious calculation yields the 
following infinitesimal action on the elements of the charge matrix: 



5m = 


. n\ pn ^ ran 

h(c+—) +x— + b + 

c c c 


qn 

y— 

c 


+ rq + sp + Pn 


5n = 


mn pm , rn^ 
—h X bic H 

c c c 


)-y 


qm 

pra + rp — 

c 


5q = 


, up , X , rap 
h xic ) + 

c c c 


qp 

y— 

c 


— ap + rra — sn 


5p = 


nq qp , fnq , 

—h X \- y[c 

c c c 


c 


) + aq + sra + qn 


5c = 


hra + xq — bn — yp 







sq 



(5.66) 

with z = q + ip. This transformation is singular for c = 0. Specialising to BPS solutions 
with n = p = and q,ra ^ 0, we get the action of the four generators of su(2, 1) 0u(l, 1) 



5ra = 

5n = —{b + y) 
5q = 



2 

ra 



c 

2 



5p=-{b + y) — 

5c={h + x)ra. (5.67) 
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The two generators corresponding to b + y = h + x = leave the charges invariant, the 
one corresponding to h + x ^ breaks the BPS condition, and the one corresponding 
to 6 + y 7^ is singular. In fact, this is not the only pathology of the construction. 
Indeed, if one can reach the BPS Reissner-Nordstrom solution from any non-BPS one 
through an action generated by the h generator, one can also reach it from any Kerr- 
Newman solution with an arbitrary value of the angular momentum per unit of mass. 
The generalisation to arbitrary angular momentum is trivially obtained by substituting 
the Kerr solution for the Schwarzschild solution as the starting reference solution on 
which the maximal parabolic subgroup is defined to act as the trombone symmetry. The 
orbits are then exactly the same, each with its own value of (a/c). When one reaches a 
BPS solution, we have a, c — > in such a way that this ratio is kept fixed. However, it 
is not possible to invert this transformation in the sense that there is no preferred value 
(a/c) from which to start when a = c = 0. We conclude that the action of the generators 
of su(2, 1) u(l, 1) on the BPS solutions is either trivial or ill-defined. 

Let us see, anyway, how one can reach BPS solutions from non-BPS solutions through 
the active action of SU(2, 1). For a global transformation exp(ln A/i), one gets 



m(A) = A 



y/(c + m)2 + + (1 - A \ 



(c + m+ (l-A-2)M!)2 + A-4 

(c -|- m)2 -|- 
(c + m+ (l-A-2)M!)2 + A-4 



z(X)=zJ <'^ + '"''t,f. (l + (l-A-')^£^) (5^68) 
The BPS parameter is given by 

/ (c + m + (1 - A-2)|^)' + A-%2 

c(A) = Ac \ ^ } ^^^4 . (5.69) 

^ ^ V (c + m)2 + n? 

The discriminant for the equation c(A) = is strictly negative for non-zero NUT charge 
n, A = — ^"^~^^2 " — I- 0{n'^). One thus obtains that A can be chosen in such a way 
that c(A) = if and only if n = 0. In the latter case, both the NUT charge and the 
electromagnetic charges are left invariant, and the mass transforms as follows 

/.-A + A"*^ A — A^ , , 

m(Aj = m H c . (5.7(Jj 



For \= \l one gets the BPS Reissner-Nordstrom solution. 
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6 J\f = ^ supergravity as an example 



Our final example comprises the cases of pure and matter-coupled A/" = 4 supergravity. 
We discuss these models in finer detail here mainly in order to illustrate the efficiency of 
our methods. From Table III we see that the relevant duality groups are ©4 = SO{'o^n), 
which is enlarged to C5 = 5*0(8, 2 + n) in the reduction to three dimensions, and where n 
denotes the number of vector multiplets in four dimensions. In particular, we will analyse 
the charge matrix ^ directly in terms of Spin{8, 2) for pure A/" = 4 supergravity. 



6.1 The non-linear sigma model formulation 

Since we will only consider stationary axisymmetric solutions, it is convenient to use the 
so-called Weyl coordinates 

ds'^ = H~\^''5^pdx''dx'^ + p^R-^d^"^ - H{dt + I3d^f . (6.1) 

The bosonic sector of A/" = 4 supergravity includes six vector fields V^dt + A"- dip which 
transform in the vector representation of 5*0(6). They are coupled to scalar fields lying in 
the coset 5L(2, R)/50(2) [51]. We will write X for the dilaton and Y for the axion field. 
The two-dimensional action leading to the equations of motion of stationary axisymmetric 
fields configurations is given by 



/I 1 



- pH-^Xd'^Uadc^U"- + p-^HX{d''Aa + Uad'^B) {d^A" + U'^d^B) 

+ [d'^Xd^X + d'^Yd^Y) + 2e'^Yd^Ua {dpA'' + U^dpB)) . (6.2) 



This action is invariant with respect to a non-linear representation of SL(2, R) x5L(2, R) x 
SU{4:) = Spin{2, 2) x Spin{6), where 5*^7(4) is linearly represented on the vector fields as 
the vector representation of 5*0(6), and the 5*L(2, R)'s correspond to an SL{2, R)/5*0(l, 1) x 
5*L(2, R)/5*0(2) non-linear sigma model. After dualising the fields A"" and B through 
the definitions 

p-^HX{d^A'' + U^'do^B) =e^p{d^A'' + Ydf^U"") 

p-^H^d^B = e^p{d^B + Uad'^A'' - Aadf^U") , (6.3) 
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the equations of motion of the dual fields follow from the action 



dx 



This action is itself invariant with respect to non-linear transformations of Spin{2, 8), and 
can be identified as a non-linear sigma model over the coset S0{2, 8)/SO{2, 6) x 5*0(2). 

In order to make explicit the four-dimensional character of the solutions in which 
we are interested, we use a representation of Spin{2, 8) that makes the four- dimensional 
duality group S'L(2,R) x S'f/(4) exphcit, as well as the 5'L(2,R) duality group of pure 
gravity in three dimensions. We thus choose a representation for which the subgroup 
Spin{2, 2) X Spin{Q) is block diagonal. This representation is given by matrices valued 
in the Clifford algebra associated to R^, which is defined as follows 



1 CYC = -Y' 



(6.5) 



We thus define the generators of spin(2, 8) in terms of the six numbers h, e, /, h' , e' and 
/', as well as the four six-dimensional vectors contracted with 7", ^1, ^i, ^2, i>2i and the 
generators of spin(6), fi. We use the familiar 'slash' notation in order to make clear which 
objects are Clifford-algebra valued, i.e. ^1 = gia7", = |^a67'^^, ete. An element u of 
spin(2, 8) is parametrised by these submatrices as follows 



u 



/ h + ' 
f 



e 

-h + 



-f2 

h' + ij 

r 



(6.6) 



-h' + i,j 



where objects without a slash are to be multiplied by the unit matrix; thus, u can be 
viewed as a complex 16-by-16 or as a real 32-by-32 matrix. We will generally identify the 
elements of the Clifford algebra proportional to the unit matrix with the real numbers. 
The subalgebra spin(2, 6) © so(2) is defined by the elements ex. of spin(2,8) satisfying 
CoL^C = —a (where C is considered as the diagonal four by four matrix with all diagonal 
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entries equal to the Clifford element C), and can be written 



ct 



( 


b i 











a 


\ 


-h 




i 






—a 








i 




-b 


+ 










a 


\ i 


i b 






v 








-a J 



(6.7) 



V 



(6.8) 



We define the coset representative V with generators h and e for the gravity fields H and 
B, h' and e' for the dilaton X and the axion Y, and for the six electric fields U"" and 
p"- for the six magnetic fields A"-. It is given by the matrix 

H-^ 

X5 X-^Y 

\ H~^2l^ X-5 / 

The component of V~^dV lying in the orthogonal complement of spin(2, 6) ©so(2) inside 
spin(2, 8) is given by 

2P = v^^dv + ay^^dvyc = 

( H-^dH H-^ [dB + \{JJJ, d4} - dl^}) 

H-\dB + ^{J/l,d4} - ^{4,dl/l}) -H'^dH 

-{§)^di/r -{Hxy^{d4 + Ydi^) 

\ -{HXYl{d4 + YdlJl) 

{§)^dl/f {HX)-i{d4 + Ydyj) \ 

{HX)--2{d4 + YdlJl) 
X^^dX 
X~^dY 



X~^dY 
-X-^dX 



(6.9) 



in such a way that the action (6.4) is given by 

dx^ \ -29"(T(9„p + pTr P^P" 



(6.10) 



6.2 50(2, 6) X S'0(2)-orbits of solutions 

The simplest Reissner-Nordstrom like solutions of the A/" = 4 theory are the ones for 
which the axion field is identically zero [53]. The vector source term for the axion field 
then obeys 

{dy, d^4] - djji] = o . (6.11) 
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These solutions have electric and magnetic charge vectors which are orthogonal in R^. 
They can be obtained from the Schwarzschild solution by the following Spin{2, 6) trans- 
formation 

/ 1 4 ^ \ 



1 



v/(l-p2)(l-g2) 



v 



(6.12) 



1 / 



with {^,1^} = 0. The action of ^) on the Schwarzschild matrix vq of mass m = c gives 
the dilaton black hole matrix V through 



The dilaton black hole then has mass M 



(I_q2)(i_p2) 



c, electric charge Q'^ 



(6.13) 



-r— aC and 



magnetic charge = jz^c with PaQ"^ = 0, and dilaton charge S = ^ . The BPS 
parameter is given by the formula 



(6.14) 



while the coset representative V is 



V 







(r+M)2-i:2 



i/(r+M)2-S2 





2f 







v 








r+M+S 

20 



r+M+S 
r+M-E 



r+M-S 
r+M+S 









r+M+S 
r+M-S 



(6.15) 



The non-linear 50(2) action of the 5*17(2, R) dilaton-axion sigma model permits one to 
obtain the general solution for arbitrary electric and magnetic charges and with a non- 
trivial axion field. The non-linear 50(2) of the pure gravity SL{2, R) sigma model turns 
on the NUT charge, just as for pure gravity. For general solutions [52], the dilaton and 
axion charges S and S are given by^® 



M2 + iV2 



(6.16) 



^^Rccall that wc identify the elements of CZ(6, R) proportional to the unit matrix 1 with ordinary real 
nmiibers. 
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The so (2, 8) (so (2) © so (2, 6)) charge matrix ^ is then given by 

\ 

-N -M -P (I) 



v 



-H -E/ 



(6.17) 



(thus justifying our definition of the electric and magnetic charges including a factor \/2 
with respect to the usual one [53]). The BPS parameter in the 5*0(2, 6) basis is given by 



— Tr ^2 = ]Vf2 + _ 
16 



(6.18) 



Using the explicit form of the charge matrix, the cubic equation "io^ = is perfectly 
equivalent to the complex equation 



(M + iAr)(E + iS) = {f^iCaf 



(6.19) 



from which the expression (6.16) for the scalar charges can be derived. To estab- 
lish a link with the notation of the preceding sections, one must use the isomorphism 
Spin{6) = SU{4) and the fact that the matrices ^[C7"]ij define a basis for the com- 
plex self-dual antisymmetric tensors of SU{4:). We have that Zij = [C{f + and 
T^ijki = -^£ijki (S + iS) . As explained in Section 3.3, equation (6.19) is in fact the Spin* {8) 
pure spinor equation, which corresponds within U (1) x 5*0(6, 2) to the fact that the charge 
matrix defines a complex null vector. 

Because (6.19) is invariant under the action of Spin{2, 6) x 50(2), its solutions define 
non-linear representations of 50(2, 6) x 50(2). The maximal compact subgroup U{4) x 
50(2) is linearly realised on M, A^, Q and f. U{4) acts only on Q + if as it does on 
the vector fields, and 50(2) rotates f into and M into with doubled weight for the 
latter. The non-compact elements act non-linearly in the following way 
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For a non-zero fixed value of tlie BPS parameter c, tliis gives an irreducible representation 
of 5*0(2, 6) X 5*0(2) on which this group acts transitively. One can see explicitly that the 
moduli spaces of spherically symmetric | BPS and | BPS Taub-NUT black holes {i.e. 
Ml and 7W2) define distinct 50(2,6) x 50(2)-orbits from the factorisation of the BPS 



parameter square into 



c 



(6.21) 

If only one of these factors is zero, the solution becomes | BPS, and if both of them 
are zero (without the solution being trivial), it becomes one-half BPS. For the j BPS 
case, we consider in fact only the situation where the smaller factor is vanishing, so as to 
respect the positivity of the Bogomolny bounds. The compact subgroup ?7(4) x 50(2) 
leaves invariant each of these factors. Since the linear 5*0(2) x 5*0(2) acts freely on 
and M + iN, one can restrict oneself to the action of the non-compact generators for a 
dilaton black hole with = S = 0. In this case, one can write f and as numbers, 
and the non-compact generators then act non trivially only if q"" is in the direction of 
and respectively if p"" is in the direction of P". In this case, the Lie algebra action for 
the generators p and q on the two factors is 



M J M \ M 
p ^ ,(m- = M - . (6.22) 

We see that the action of 5*0(2,6) x 5*0(2) on the two factors is a non-linear rescaling. 
Thus, this action leaves invariant the number of preserved supersymmetry charges of a 
given solution. We conclude that the irreducible representation of 5*0(2,6) x 5*0(2) for 
a non-zero value of c decomposes for vanishing c into three irreducible representations, 
which are the | BPS set, the | BPS set and the fully BPS Minkowski singlet, as stated 
in Section 4.1. 

Let us now describe the coset decomposition of the space of solutions. The prod- 
uct group of the trombone symmetry and 5*0(2,6) x 5*0(2) acts transitively on 
non-BPS solutions for a fixed value of ^. Since the subgroup leaving a pure gravity 
solution invariant is the four- dimensional duality group, such an orbit takes the form 
(R; X ^0(2,6) X SO{2))/SO{2) x 50(6). There are actually non-BPS solutions with 
a positive value of that do not lie on the Schwarzschild orbit. These can be obtained 
from the orbit of a purely dilatonic solution for which all the charges are zero except for 
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the dilaton charge S. Such a charge obviously satisfies (6.19). The metric is then given 
by 

ds^ = liz^ (dz' + dp^) + p'd^'' - de (6.23) 

and the associated Ricci scalar is 7^ = (^2^^2)2 ■ Note that this solution has a naked 
singularity. In fact, all the solutions of the corresponding 5*0(2, 6) x 5'0(2)-orbit violate 
simultaneously the two Bogomolny bounds and so this orbit consists entirely of badly 
behaved solutions and will be disregarded. 

For BPS solutions, the action of the trombone is identified with the action of one of 
the generators of 5*0(2,6) x 5*0(2). It is enough to compute the isotropy subgroup for 
a particular solution. Starting from a | BPS solution with {^,^} = and = 0, the 
spin(2, 6) © so (2) elements commuting with the charge matrix take the following form^^ 



/ r iQp 2Q 2P \ 

iQP r 2P 2Q 

2af ] 2aQ -[ji ,f ] j { .[^ ,r]}-4(0''+r^)a 

2Q 2P r °- 4QP 



2a0 ] 2af +[i> ,Q ] ^| { ^ ,[y, .f ]}-4( 2)a 



y 2P 2Q 4QP r y 

(6.24) 

We define the indices i, j, ■ ■ ■ as the 5*0(6) indices orthogonal to both and ^, and we 
take 1 and 2 as the index values for these directions. With the redefinitions 

v°'p = e"'f3a z = vi2 = {vii,Vi2) (6.25) 

where Saf^ is the 5*0(2) antisymmetric invariant tensor, the corresponding generators 
have the following non- vanishing commutators 

[x2,x^^] = 6,,e''^z . (6.26) 

We will call this algebra ic(so(2) ©so(4)), i.e. this is the Poincare-like algebra i(so(2) © 
so (4)) with a central charge, and with corresponding group /c(5*0(2) x 5*0(4)). 



29 



Note that and f are both necessarily non-zero for a strictly 4 BPS solution. 
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Purely electric dilatonic | BPS black holes have a charge matrix of the form 



(Q 
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Q 







-Q 




-0 


q) 



(6.27) 



One can easily check that this matrix satisfies = 0. The spin(2, 6) ©so (2) elements 
that commute with this charge matrix are of the following form 



2Q 



2Q 

_1MJ 

2Q 



v 



2Q 



2Q 
2Q 



_\±M1 

2Q 
2Q 



(6.28) 



These elements generate the six-dimensional Poincare algebra iso(l,5), where the com- 
ponents of X) and p orthogonal to ^ generate so(l, 5) and their components coUinear to 
(j^ generate the abelian subalgebra R^. 

Finally, the space of asymptotically fiat particle-like stationary solutions has the fol- 
lowing decomposition into 5*0(2,6) x 5'0(2)-orbits 

R; X S0% 6) X 50(2) ^ 50(2, 6) x S0{2) ^ 30(2, 6) x 50(2) ^ ^^ ^g) 



50(2) X 50(6) 



/c(50(2) X 50(4)) 



150(1,5) 



where [—1, 1] stands for the angular momentum per unit of mass, in perfect agreement 
with the results of Section 4.1. 



6.3 J\f = 4: supergravity coupled to n vector multiplets 

Let us consider briefly the more general case of A/" = 4 supergravity coupled to n vector 
multiplets. We will just give here the main results without explaining the full details. 
The scalar fields of the corresponding non-linear sigma model lie in the coset space 
Spin{S,2 + n)/(50(6,2) x 50(2, n)) and the charge matrix ^ can be represented as a 
Majorana-Weyl chiral spinor of Spin* {8) = Spin{6, 2) valued in the vector representation 
of 50(2, n) 

/ (w+ a'a^ + \e,jki S a'a^a^a^) |0)\ 

, (6.30) 
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where the index A lies in the vector representation of SO{n). Note that only the SO{n) 
vector components obey the Spin* (8) self-duahty constraint, while the first two com- 
ponents of the S0{2,n) vector have been combined into a complex state. The 'Dirac 
equation' (2.46) gives the same constraints on w, Zij and S as in the pure supergravity 
case and furthermore we have it that 

(^i-^)^i = ° (6-31) 

from which one can derive the | and the | BPS conditions. 

It follows from the 3-graded decomposition of the spinor representation of spin(8, 2+n) 
that the cubic constraint, 'if^ = c^^, must be satisfied in the spinor representation, which 
implies its validity in the vector representation. Its components bilinear in the gamma 
matrices of spin(6, 2) and spin(2, n) yield a component of in the symmetric traceless 

rank two tensor representation of 5*0(2,71.) which vanishes, and its component bi-linear 
in the antisymmetric product of three gamma matrices of spin(6, 2) and spin(2, n) yields 
a component of 'i^ ® ^ ® ^ in the product of the antisymmetric rank three tensor 
representation of 5*0(6,2) times the antisymmetric rank three tensor representation of 
5*0(2,71.) which vanishes too, i.e. 

Vij '^A'^i = IvAB V'"" Vij "^c"^^ = • (6.32) 

where X, JT", ■ ■ ■ and A, B, ■ ■ ■ lie in the vector representation of 50(6, 2) and 50(2, 77.), 
respectively, and rjjj and tjab are the corresponding invariant tensors. The general 
solution is a non-rational function of w, Zij and z"^, but one can nevertheless determine 
the general solution by using the transitivity of 50(6,2) x 5*0(2, ra) on non-extremal 
solutions. A general non-extremal solution (c^ > 0) can indeed be obtained by acting 
with a general 5*0(2, 72) element on a general Spin* (8) pure spinor 

/ (x + Xi.a'a^ + ^Xi.Xkia'a^a^d) 10) \ 

The 50(2, n) element can be chosen to be the product of an 50(2) rotation and trans- 
formations generated by two orthogonal non compact generators. It gives the general 
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non-extremal solution of (6.32) as 



cosliM + coshi; coshw — cosht> 1 ^-^ 

2 2 2x ^ 

io / cosh u + cosh V cosh u — cosh v 1 , ^ 

Aj = e ( ^ H ^ 2^ijkiX 

■ /'coshti + coshw 1 coshw — cosht" 

2 2x ^ 2 



^M^sinhM(^x+ ^e.jfc^X^^X'^') + ^v^ smhv(x - ^SijkiX'^ X''^'^ 
= sinh uXij^ + i-O^ sinh vXij_ , (6.34) 

where m"^ and are real orthogonal SO{n) vectors of norm one. Non-BPS extremal solu- 
tions correspond to the limit where the 5*0(2, n) element goes to the 5*0(2, n) boundary, 
that is when either u, or v, or both go to infinity. The generic case corresponds to the limit 
where both go to infinity in such a way that e" — e"" remains finite. The corresponding 
non-BPS extremal solutions satisfy 

E = ^ = J-e'^ki^ ZAZ^ = \w\^ + . (6.35) 

Finally, there are two distinguished cases, either where {z'^zaI < in which case the 
solution remains rather complicated in general, or where \z^za\ = in which case 

= ^ = i^e^.ki^— ■ 6.36 



The strata are' 



,30 



-Mm,. = Rl X 



50(6,2)x50(2,n) 



(0,0) — ■^>'+ ^ 50{2)x50(6)xSO{n) 
KA ^ 50(6,2)xSO(2,n) . y ^ 50(6,2)x50(2,n) 

■/^'(i.O) — /c(50(4)xSO{2))xSO{n) -'^'(0,1) — SO(6)x7c{SO{n-2)x50(2)) 



A^{1,0)° 



50(6,2)x50(2,n) 



(r:;_ X 50{4) X 50(n- 1) ) x ((le4en-l) (i) 04(2) ei(3) ) 

-M(0,1) 



5'0(6,2)xSO(2,n) 



("•^) (R;^x50(5)xSO(n--2))ix({le5en-2)(i)©n-2(2)el(3') 

SO(6,2)xSO(2,n) 

'(1.1) ~ (G'L(2,R)x50(4)xSO{n-2))x(l{-2)e2(-i)®4©2{i)®n-2el(2)) 
SO{6,2)xSO{2,n) . . ^ 5'0(6,2)xSO(2,n) 

-/\^l(2,0) — /SO(5,l)xSO(l,n) -'^^'(0,2) — 50(6,l)x/50(l,n-l) 

~ 50(6,2)x5'0(2,n) oyN 

'(2.2) - (SO(l,l)xSO(5,l)xSO(l,n-l))^(6(-i)©n(i)) yv.OI ) 



30^ 



-"Note, however, that A^(o i), A^(o,i)° and A^(i,i) arc empty m the case n = 1, and note that IS0{1) 
must be understood as the abehan translation group R. Ic{SO{n — 2) x 5*0(2)) is 50(2) x R for ?7 = 2 
and is IcSO{2) for n = 3. Moreover, A^(o,i)j -^(0,1)° and A1{i,i) have two connected components in the 
case n = 2, which can be transformed into one another by 0(2, 2) parity. 
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where the stratum A1(p,g) corresponds to solutions which are | BPS, and M(p,q) C -Ad^r.s) 
if and only if both p > r and q > s (with, in addition, 97Vl(i,o) = M(i,o)° and dA4(^o,i) = 
Al(o.i)o). The properties of the strata are summarised in the Table below 





dim 


nilpotency 


Horizon area 


-M(0,0) 


U + 2n 


^3 = i'^, i'^, r«]]] = c2[^, r*] 


A > 




13 + 2n 


'^s _ ['(f , r^]]] = adc^^ = 


A > 


-^{1,0)°5 -^{0,1)° 


12 + 2n 


^3 = Q \c^^ \c^^ r^]]] = ad/ = 


A = 


-^(1,1) 


10 + 2n 


^3^0 ['(f , [^, r*^]] = ad.^^ = 


A = 




8 + n 


'^s _ ['if, i"^, r*^]]] = adc^^ = 


A = 


-^(2,2) 


7 + n 


_ [^, r»^]] = adc^^ = 


A = 



Table VII : dimension of strata in = 4 supergravity with n vector multiplets 
This stratification is in agreement with the stratification of the nilpotent orbits ^so(^^,2+n) 
of 5*0(8,2 + n) as described in [54, 55]. Nevertheless, for n > 2, the stratification of 
^50{8,2+n) suggests that there is an additional stratum of charge matrices which corre- 
spond to extremal black holes without any saturated central charge 



M 



(0,0)° 



gO(6,2) X 50(2, n) 
/50(5) X ISO{n-\) X E 



(6.38) 



which satisfies the ordering 7W(i,o)° U A^(o,i)° C A^(o,o)° C 7W(o,o)- Such solutions do indeed 
exist, some examples of which having been found within the STU model [34]. 

The fact that spherically symmetric extremal solutions of A/" = 4 supergravity are 
associated to nilpotent orbits of 50(8, 2+n) has already been discussed in [56]. Note that 
although the \ BPS solutions are naturally related to the complex geometry of twistor 
spaces, this is not necessarily the case for the | BPS ones. For instance, our analysis 
(although not yet complete) leads us to believe that the general \ BPS solutions of A/" = 4 
supergravity coupled to n vector multiplets depend on 2 + n harmonic functions (instead 
of 4 + 2n harmonic functions for the general \ BPS solutions). Roughly speaking, the 
^ BPS constraints are holomorphic in the complex charges vy, and z^, whereas the | 



■^^The number of harmonic functions is the dimension of the maximal vector space lying inside the 
relevant stratum (i.e. R''+^" C Al(i.o) and R^+" C Al(2,o) for the \ and i BPS solutions respectively). 
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BPS constraints involve a reality condition coming from the complex self-duality of the 
vector multiplets. 

The embedding 5*0(8,2 + n) C Es{8) for n < 6 implies that Af = 4 supergravity 
coupled to < 6 vector multiplets is a consistent truncation of A/" = 8 supergravity. The 
solutions lying inside Ai(p,q) are then 2±2 Bpg in A/" = 8 supergravity. Note that the 
charge matrices which lie in the minimal adjoint orbit of 5*0(6,2 + n) correspond to | 
BPS solutions in maximal supergravity. This suggests the existence of an intriguing link 
between minimal adjoint orbits and maximally supersymmetric black holes. 

7 Conclusion 

In this paper, we have characterised in depth the stationary asymptotically flat solutions 
of D = 4 supergravities by a detailed analysis of the duality orbits of the correspond- 
ing timelike-reduced Euclidean-signature D = 3 supergravities. This proceeds initially 
by analogy with the classification [7] of solutions to three-dimensional supergravities 
obtained via a spacelike dimensional reduction. A special feature of these Euclidean 
stationary solution orbits, however, is the noncompact nature of the isotropy group S^*, 
which appears upon making a timelike dimensional reduction to D = 3. For A/'-extended 
supergravity, the group S^* is the product of Spin* {2N)c — 5pin*(2A/')/ker(5+) (with 
ker(5_|_) being the kernel of the Spin*{2M) chiral Weyl spinor representation) with a 
group determined by the matter content of the theory. 

Rejecting orbits that contain only solutions with naked singularities led us to the 
quintic characteristic equation (2.21) for the charge matrix ^ (2.9). In all but two ex- 
ceptional cases where the D = 3 symmetry groups are -^8(8) or -E'8(-24), this characteristic 
equation is strengthened to a cubic equation (2.22) for the charge matrix. The D = 3 
charge matrix ^ is the Noether charge for the D = 3 duality symmetry; the characteristic 
equations determine its values in terms of the smaller number of -D = 4 charges of the 
same theory {i.e. the gravitational mass and NUT charge and the various electric and 
magnetic charges of the vector field species). This analysis works for rotating as well as 
non-rotating solutions; the characteristic equation guarantees that each acceptable orbit 
passes through some Kerr solution. For pure A/'-extended supergravity with A/" < 5, the 
characteristic is equivalent to the Cartan pure spinor condition on the Weyl Spin* {2//) 
spinor |^). 

The characteristic equations involve the BPS parameter = -^Tr (2.20). Extremal 
rotating solutions have = a^, where a is the angular momentum parameter. Non- 
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rotating extremal solutions thus have (? = 0, leading to a key algebraic feature of the 
extremal solution suborbits: the charge matrix becomes nilpotent - cubic in most cases, 
quintic in the two Eg exceptional cases. This allowed us to make contact with extensive 
studies of nilpotent orbits of noncompact groups in the mathematical literature [40, 41, 
42, 43, 44]. 

The extremality condition is not always synonymous with the BPS condition, however. 
For pure A/" < 5 supergravities, the two conditions are synonymous, but not for A/" = 6 or 
A/" = 8 or any supergravity coupled to vector supermultiplets. Algebraic analysis of the 
BPS solutions led us to the 'Dirac equation' condition (2.45) in which the charge matrix 

is given an interpretation as a Spin*{2N') Weyl spinor, using a creation/annihilation 
operator construction for the 30* (2A/') generators. This 'Dirac equation' allows the charge 
matrix ^ to be solved for explicitly in terms of a simple rational function of the D = 4 
charges. 

Having established the relevant families of stationary supergravity solutions, we ex- 
tended the D > 4 analysis [15] of active duality transformations {i.e. transformations that 
leave the asymptotic values of all fields unchanged) to the action of the three-dimensional 
duality group (5 on these solution families. As in the higher- dimensional cases, in order 
to preserve the asymptotic values of the fields, the active realisations operate via the 
quotient of 6 by ^o, the quotient group of its maximal parabolic subgroup ^ by its 
defining subgroup. Here, a peculiarity of the non-compact nature of the D = 3 scalar 
isotropy group Sj* plays a key role: although the Iwasawa decomposition remains valid 
almost everywhere in the moduli space of solutions, it fails precisely on the subspace 
of extremal solutions. The Iwasawa failure set is not in general homeomorphic to the 
moduli space of spherically symmetric extremal solutions, however. As a result, there is 
not in general a well-defined active group action on the whole stationary solution space 
- some (5 transformations become singular as one approaches the extremal strata. As 
a result, one has to speak of an 'almost group action' of active transformations on the 
solution space. We speculate that this curious problem may be resolved in cases where 
the isotropy group Sj* is semi-simple, in particular for the A/" = 8 theory. 

The results of this D = 3 duality group analysis should have a bearing on the debate, 
continuing since the appearance of reference [16], about the extent to which continuous 
duality symmetries of lower-spacetime-dimensional classical supergravity theories should 
be replaced by arithmetic subgroups such as E^iW?) at the quantum level. Although 
such subgroups certainly exist in the abstract, their concrete realisation as quantum 
symmetries is problematical because there does not appear to be any way in which the 
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concrete active realisations (c./. (5.54) for an SL{2,WC) example) that we have found for 
the action of the D = 3 duality groups (25 on the D = 3 charges might be consistent with 
a Dirac quantisation rule. 

Appendices 

A Simple duality groups and their five-graded de- 
composition 

Let us review briefly the various simple duality groups in three dimensions which occur 
in time-like dimensionally reduced four-dimensional theories. We will see that excepted 
for Es, all these groups have a five-graded decomposition with respect to which their 
fundamental representation admits a three-graded decomposition. 

Most of these theories can be embedded into supergravity theories. Whenever the 
symmetric space in which the four-dimensional scalars lie is Kahler, the theory can be 
embedded into an A/" = 1 supergravity. When the symmetric space is furthermore special 
Kahler, the theory can moreover be embedded into an A/" = 2 supergravity coupled to 
several vector multiplets. An M = 2 supergravity theory with hypermultiplets always 
leads to a three-dimensional theory with a reducible symmetric space of scalars, and we 
do not consider such cases in the present publication. The homogenous special Kahler 
spaces have been classified in [31]. See [57] for a complete classification. 

a) 5'L(2 + n,E)/5'0(2,n) 

This coset space corresponds to the dimensional reduction of pure gravity in 4 + ?t, dimen- 
sions. The scalar fields of the four- dimensional theory lie in the coset GL{n,^ / SO{n) 
and the five-graded decomposition of s[(2 + n, R) is as follows 

5[(2+n,R) ^ l(-^'©(tf) ©□<-'O'-^)©l(°)©(0[(l,R) ©s[(n,R))'°*©(tf) ©n'-'O"^©!^'' • 

(A.l) 

The fundamental representation decomposes as 

n + 2 = (l(-i))(-i) © (□(!))(») © (i(-i))(i) . (A.2) 
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b) SU{1 + m, 1 + n)/S{U{m, 1) x U{1, n)) 

The corresponding four- dimensional theory is the bosonic sector of an A/" = 1 supergravity 
coupled to m + 77, abelian vector supermultiplets and mn scalar super mult iplets. In the 
special case m = 0, n = 1, this theory is Maxwell-Einstein theory, which is also the 
bosonic sector of A/" = 2 pure supergravity. For m = 1 it is the bosonic sector of an A/" = 2 
supergravity coupled to n abelian vector supermultiplets. For m = 3 it is the bosonic 
sector of TV = 3 supergravity theory coupled to n abelian vector supermultiplets. The 
scalar fields of the four- dimensional theory lie in the Kahler coset U{m, n) / {U (m) x U (n)) 
and the five-graded decomposition of su(l + m, 1 + n) is as follows 

su(l+m, 1+n) = l(-''©(tf^ ©□^-'0'"''©l'°'©(u(l)©su(m,r2))(»)©(n(^) ©n'-'O'^^el''^ • 

(A.3) 

The complex fundamental representation decomposes as 

m + n + 2 = (I'^y-'' © (□« © © (I'c'T' ■ (A.4) 

c) 50(2 + m, 2 + n)/{SO{m, 2) x 50(2, n)) 

For m = 2 the corresponding four-dimensional theory is the bosonic sector an A/" = 2 
supergravity coupled to 1 + n abelian vector supermultiplets. In the case m = 6, this 
is the bosonic sector of A/" = 4 supergravity coupled to n abelian vector supermultiplets. 
The scalar fields lie in the coset ^0(2, 1)/S0{2) x SO{m,n)/{SO{m) x SO{n)) and the 
five-graded decomposition of so{2 + m,2 + n) is as follows 

so{2 + m, 2 + n) ^ l'-^' © (□ © © © (s[(2, R) © so(m, n)) © (□ © nf'^ © 1''' • 

(A.5) 

It is convenient to consider the irreducible spinor representations of Spin(2 + m, 2 + n) 
and Spin(m,n), for which we get the decomposition 

^± = (1 © s^y-'' © (□ © s^Y"' © (1 © s-^y' . (A.6) 

The vector representation decomposes as 

r ^ (□ © 1)'-^^ © (1 © D)™ © (□ © 1)^^^ . (A.7) 

d) SO*{4 + 2n)/U{2,n) 

For n = 0, Spin* (4) = SU{2) x 51/(2, R) and the corresponding four-dimensional the- 
ory is Einstein theory, i.e. the bosonic sector of pure A/" = 1 supergravity. In the case 
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n = 1, Spin* (6) = SU{1, 3) and the corresponding four- dimensional theory is the above- 
discussed bosonic sector of an A/" = 1 supergravity coupled to 2 vector supermultiplets. 
In general, the corresponding four- dimensional theory is the bosonic sector of an A/" = 1 
supergravity coupled to 2n abelian vector supermultiplets and scalar supermulti- 

plets. The scalar fields of the latter lie in the Kahler coset SU{2)/SU{2) x S0*{2n)/U{n), 
and the five-graded decomposition of so* (4 + 2n) is as follows 

so*{4 + 2n) = l'-^' ©(D^c ©1'°'©M2)© so* (2n))'"^©(n®cd*'^©l''' • (A.8) 

It is convenient to consider the irreducible spinor representations of Spin* [4 + 2n) 
and Spin*{2n), for which we get the decomposition 

5± ^ (1 © S^y-'' © (□ ©c S^y' © (1 © . (A.9) 

e) Sp{2 + 2n,R)/U{l,n) 

The corresponding four-dimensional theory is the bosonic sector of an A/" = 1 super- 
gravity coupled to n abelian vector supermultiplets and "^^"^^^^ scalar supermultiplets. 
The scalar fields of the latter lie in the Kahler coset Sp{2n, M)/U{n) and the five-graded 
decomposition of sp(2 -|- 2n, R) is as follows 

sp(2 + 2n,R) = l<-'^©d-'^©l'"'©sp(2n,R)'°>©d'^©l''' . (A.IO) 

The fundamental representation decomposes as 

2 + 2n ^ 1'-'^ ©□<"'© . (A.ll) 

f) G2(2)/(5t/(l,l)x5t/(l,l)) 

The corresponding four- dimensional theory is the bosonic sector of an A/" = 2 supergravity 
theory coupled to one vector supermultiplet, which corresponds itself to the dimensional 
reduction of minimal supergravity in five dimensions. The scalar fields of the four- 
dimensional theory lie in the special Kahler coset SU{1,1)/U{1) and the five- graded 
decomposition of 02(2) is as follows 

02(2) = 1'"'^ © um^-'^ © © su(i, 1)'") © um^'^ © 1''^ . (A. 12) 

The fundamental representation decomposes as 

7^n<-^) ©m'°'©tf^ (A. 13) 
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g) F4(4)/(5t/(l,l)x5p(6,R)) 

The corresponding four-dimensional theory is the bosonic sector of the real magic M = 2 
supergravity, which admits 6 abelian vector supermultiplets. The scalar fields of the 
latter lie in the special Kahler coset 5*^(6, R)/f/(3) and the five-graded decomposition of 
f4(4) is as follows 



(-1) 



(1) 



I (2) 



(A.14) 



(A. 15) 



f4(4) = 1'-^' i 

The fundamental representation decomposes as 

h) E6(6)/5'i?(8, R) 

The scalar fields of the corresponding four- dimensional theory lie in the coset SL{6, R) / 5*0(6) 
and the five-graded decomposition of e6(6) is as follows 



~ 1 (-2) 



(-1) 



I (0) 



s[(6,R) 



(0) 



(1) 



(2) 



(A.16) 



(A.17) 



^6(6) — 1 

The fundamental representation decomposes as 

i) Eq(^2)/{SU{1,1)xSU{3,3)) 

The corresponding four-dimensional theory is the bosonic sector of the complex magic 
M = 2 supergravity, which admits 9 abelian vector supermultiplets. The scalar fields of 
the latter lie in the special Kahler coset SU {?>,?>)/ S{U{?>) x f/(3)) and the five-graded 
decomposition of e6(2) is as follows 



C6(2) 



I (-2) 



^ ^''^©l'"'©su(3,3)'°>©n '"©1^^' 



(A.18) 



where the + subscript states for complex-self-duality. The complex fundamental repre- 
sentation decomposes as 

27^d-^'©g'°'©d^^ . (A.19) 
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j) E,^_u)/{U{1) X 5O*(10)) 

The corresponding four- dimensional theory is the bosonic sector of A/" = 5 supergravity. 
The scalar fields lie in the coset ^[/(S, l)/f/(5) and the five-graded decomposition of 
26(-i4) is as follows 



~ 1 (-2) 



(-1) 



(0) 



su(5, r 



(0) 



S6{-14) = 1 

The complex fundamental representation decomposes as 



(1) 



(2) 



(A.20) 



(A.21) 



k) ^7(7)7^^(4, 4) 

The scalar fields of the corresponding four- dimensional theory lie in the coset 50(6, 6) / (5*0(6) x 
5*0(6)) and the five-graded decomposition of z^{J) is as follows 

e7(7) ^ 1'-^) © S'^-'' © l'") © spin(6, 6)'"' © S^' © 1'^' (A.22) 

The fundamental representation decomposes as 

56 = V^-'^ © 51"^ © V'^^' , (A.23) 

where 5*^ are the 3 2- dimensional Majorana-Weyl representations of Spin{Q, 6) and V is 
the vector representation of 5*0(6,6). 



1) E,^_,)/{SU{l,l)xS0*{12)) 

The corresponding four- dimensional theory is the bosonic sector of both A/" = 6 super- 
gravity and of the quaternionic magic M = 2 supergravity, which admits 15 abelian 
vector supermultiplets. The scalar fields lie in the special Kahler coset 5*0*(12)/f/(6) 
and the five-graded decomposition of e7(-5) is as follows 

e7(_5) ^ l^-^' © 5^-^' © ©spin*(12)(°' © 5^^^ © 1'^) . (A.24) 

The complex fundamental representation decomposes as 

56 ^ yf-^' © 5i°' © V^'^ , (A.25) 

where 5*+ is the Majorana-Weyl representation of 5*pm*(12), whereas V and 5*_ are 
complex, respectively vector and Weyl spinor, representations of Spin* {12). 



87 



m) E,^_^r,^/{SO{2) X E6(_i4)) 

The corresponding four-dimensional theory is an A/" = 1 supergravity coupled to 16 
abelian vector supermultiplets and 10 scalar supermultiplets. The scalar fields of the lat- 
ter lie in the Kahler coset 5*0(2, 10) / (50(2) x 5*0(10)) and the five-graded decomposition 
of f7(-25) is as follows 

e7(_25) ^ 1'-^' © 5^-^^ © © spin(2, 10)'°> © S^' © l'^' . (A.26) 

The fundamental representation decomposes as 

56 ^ V^-'^ © 5i"^ © , (A.27) 

where S± are the 3 2- dimensional Majorana-Weyl representations of Spin{2, 10) and V 
is the vector representation of 5*0(2, 10). 

n) E8(8)/50*(16) 

The corresponding four- dimensional theory is the bosonic sector of A/" = 8 supergravity. 
The scalar fields of the latter lie in the coset £'7(7)/(5*f/(8)/Z2) and the five-graded 
decomposition of e8(8) is as follows 

£8(8) = 1'-'^ © 56'-^) © 1'°^ © e^°'7) © 56'^^ © 1'^^ . (A.28) 

The fundamental is the adjoint, and the 3875 representation is also five-graded, 

3875 = 133<-'^©56<-'^©912(-^'©l(°)©133<"^©1539(">©56(^>©912<^^©133('> . (A.29) 

O) ^8(-24)/(5'^(l,l)xE7(_25)) 

The corresponding four- dimensional theory is the bosonic sector of the octonionic magic 
M = 2 supergravity, which admits 27 abelian vector supermultiplets. The scalar fields 
of the latter lie in the special Kahler coset £'7(_25)/(f/(l) x iJei-rs)) and the five-graded 
decomposition of e8(-24) is as follows 

e8(_24) = 1'-'^ © 56'-^' © 1'°) © e^°'_25) © 56^^' © l^^^ . (A.30) 

The fundamental is the adjoint, and the 3875 representation is also five-graded, 

3875 = 133'-''©56<-''©912(-^'©l(°)©133<"^©1539'"'©56W©912<^^©133('> . (A.31) 



88 



B Spin*{2J\f) and its representations 



In this appendix we summarise some pertinent results concerning the group Spin* {2N') 
and its spinorial representations, comparing them to the corresponding representations 
of the compact group Spin{2Af). We also refer to Ref. [58] for a detailed discussion of 
the algebra so*(2A/'). These two groups are different real forms of the same complex 
Lie group Spin{2Af,C), with the compact U{Af) group as their intersection. Because 
their complex representations are thus the same, it will be convenient to analyse these 
representations in the basis /\" C-'^. For this purpose, we will make use of the fermionic 
creation and annihilation operators aj and a* = {ai^ already introduced in Section 1.2 
(with t,j,---e {l,...Ar}) 

{ai, Uj} = {a\ a^} = , {a^, a^} = 51 . (B.l) 

Since all the generators of both Spin*(2Af) and Spin{2M) commute with the diagonal 
matrix (—1)", the spinor representations decompose into chiral and anti-chiral Weyl 
spinor representations ®p f\^^ and ©p yy^p+i ^ respectively. These representations 
can thus be obtained by acting with an even or an odd number of creation operators on 
the vacuum |0), that is, we have 

1^) =(w + Zija'a^ + Eijkia'a^a^a^ + • • • ) |0) (B.2) 

for the chiral and 

1^) = (tP,a' + Xiika'a^a^ + • • • ) |0) (B.3) 

for the antichiral representations, respectively. 

The groups Spin{2N) and Spin* {2M) are respectively the two real forms of Spin{2J\f, C) 
defined by the conditions 

f/t = f/-i [ioT Spin{2M)] and = (3U-^(3 [ioi Spin*{2M)] (B.4) 

where the matrix /3 is defined to act on both ©p /\^^ €^ and ©p A^^^^ as (-1)^. The 
generators of the u(A/') maximal subalgebra of both algebras are defined in terms of the 
anti-Hermitean parameters Aj-* = — A-'j as 

K{A) = ^ [a\ a,] ^ i^(A)t = -K{A) (B.5) 

The remaining generators depend on the antisymmetric tensors A^- of U (A/") : for Spin{2N') 
we have the anti-Hermitean generators 

T(A) = Aijda^ + A'^aiaj T{A)^ = -T(A) , (B.6) 
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whereas for the non-compact real form Spin* {2//) we have 

T*(A) = Aija'a^ - A'^aittj T*{Ay = T*{A) . (B.7) 

With the above definition of f3 it follows that 

(3G{A)(3 = -G{Ay (B.8) 

for both G = K and G = T*. From these formulas we see that the conjugate of a spinor 
I A) must be defined as 

(A| = {\X)y [for Spm{2Ar)] and *(A| = (|A))V [for Spin*{2Ar)] . (B.9) 

Let us also record the expression for the u(l) generator of u(A/') in terms of oscillators, 
viz. 

J = ^[a\ai] = aX-^^^ , (B.IO) 
which permits one to re-express (3 as 

/^le.A^^c^ = (-1)^^^ /3|e,A^-^CA^ = (-1)1+^+^ (B.ll) 

for the chiral and the antichiral Weyl spinors respectively. 

As for Spin{2N'), the centre of Spin*{2M) is generated by the group elements e™^ 
and —1. For odd A/", we have (e*'^"')^ = —1 and the centre is Z4. For even A/", (e*'^"')^ = 1 
and the centre is Z2 x Z2. In the latter case, the Z2 subgroup generated by the group 
element acts trivially on the chiral Weyl spinor representation, whereas it acts 

as —1 on the anti-chiral Weyl spinor representation and the vector representation. The 
chiral Weyl spinor representation is thus a representation of the group S'pm*(2A/')/Z2, 
and it is this latter which appears in the definition of the scalar-field coset space, i.e. 

f;(:,x.,^.SO(2)x.,SO(2.6,. SU(,,,).^J^, ^ 

for A/" = 4, 6 and 8 respectively. 

The (anti-)chiral representations given above are not always irreducible. To analyse 
the values of M for which this happens, we first note that one can define certain anti- 
involutions or pseudo-anti-involutions for both Spin{2J\f) and Spin*{2Af) by making use 
of the S*?/ (A/") -preserving Hodge star operator -k which maps ©.„ /\" C-^ to its conjugate. 
The Hodge star obeys 

^2 _ (^_^^n{X-n) _ (g^^2) 
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The definition of the respective (pseudo-) anti-involutions, which we denote here by 
and respectively, involves extra sign factors, as we will explain below. Let us now 
analyse the different cases in turn. 

For M odd there is no difference between the spinor representations of Spin{2M) 
and Spin* {2M) . In this case, the (pseudo)-anti-involution does not commute with (— I)"' 
and therefore the spinor and its conjugate are simply the two inequivalent irreducible 
complex spinor representations, for both Spin(2N') and Spin* {2M) . For M even, on the 
other hand, both -k and ~k* commute with (—1)" and the Weyl spinor representations 
become reducible if ~k and ~k* are anti-involutions, that is, if they square to one on these 
subspaces. 

For the reader's convenience, we first recall some familiar results for the compact real 
form Spin{2Af) (cf. [32]). For Spin{8M), the operation ^ is defined on ©p/y^^C"^^'^ as 



* ©pfi = ©p=i [i-iy * v^(4M-..) j . (B.13) 

Since = 1 on even forms, = 1 in this case. On the anti-chiral spinor Q)p f\^^~^ C^^'^, 
the formula is 

★ ©p5i V',^,-.) = ©pfi((-l)^*^(4M-.,+i)) . (B.14) 

Now, -k^ = —1 on odd forms in even dimensions, but (— 1)p(— 1)2^-'^~p+i = _ i so that 
= 1. Therefore, in both cases, one can impose the reality condition ^\X) = |A), 

thereby reducing the Weyl spinors to Majorana-Weyl spinors. 
For Spin{8M + 4), * is defined to act on ©p /\^^ c4Af+2 



= ©J=l ((-1)^ ^ V^(4M+2-2p)) . (B.15) 



Although = 1 on even forms, (— 1)^(— 1)^^-'^"*'^ ^ = — 1 and = —1 in this case. 
Similarly, on ©p A^^~^ C''*'^+^ one has 



= ©Jfl((-l)^^V^(4M-.p-l)) . (B.16) 



Because = —1 on odd forms in even dimensions and (— 1)^(— 1)^^^"^ = 1 one obtains 
again i^"^ = —1. Consequently, the Spin{8M + 4) Weyl spinor representations are irre- 
ducible, though pseudo-real. Altogether we have thus rederived the well-known result 



-^-k = (-1)^ (B.17) 



on ©„ /\" C-^ for even A/". 
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For the non-compact real form Spin* {AM) and its Weyl representations, the operation 
=(3^ is defined on /\^'' C^^^ as 

Because = 1 on even forms, one gets T'r*-;^* = 1 in this case. Similarly, on (Bp A^^~^ ^^^^ 
one has 

©;ii = ®fA VW^) • (B.19) 

Now -k^ = —1 on odd forms in even dimensions whence = —1 in this case. We thus 

conclude that the chiral Weyl spinor representation of Spin* (AM) always decomposes 
into two equivalent Majorana-Weyl representations, whereas the anti-chiral Weyl spinor 
representations of Spin* (AM) are always pseudo-real, hence irreducible. We have thus 
shown that the analogue of (B.17) reads, for A/" = AM, 




+ 1 for chiral spinors 

— 1 for anti-chiral spinors . 



These properties are summarised in the following two Tables. For Spin{2N') one has: 





vector 


chiral spinor 


antichiral spinor 


centre 


Spin{SM) 


real 


real 


real 


Z2 X Z2 


Spin{8M + A) 


real 


pseudo-real 


pseudo-real 


Z2 X Z2 


Spin{AM + 2) 


real 


complex 


complex 


Z4 



The Table for the Spin*{2N') spinor representations is' 





vector 


chiral spinor 


antichiral spinor 


centre 


Spin* {AM) 


pseudo-real 


real 


pseudo-real 


Z2 X Z2 


Spin* {AM + 2) 


pseudo-real 


complex 


complex 


Z4 



When M = AM, the above results for Spin* {2N') would seem to pose a problem 
for the boson-fermion balance required by supersymmetry, because unlike for Spin{2M) 
where both chiral and antichiral spinors share the same number of degrees of freedom, 
the antichiral representation requires twice as many degrees of freedom as the chiral one. 

•^^For A/" = 4 {i.e. M = 2). Spin*{8) = Spin{2,6) and, owing to triality. the complex vector represen- 
tation of 5*0* (8) is isomorphic to the antichiral Weyl spinor representation of Spin{2, 6), which leads to 
the existence of a sixteen real dimensional Spin{2,6) 5[/(2)-Majorana representation. 
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Fortunately, at this point the presence of the spatial rotation group SU{2) comes to 
our rescue: namely, the spinor fields transform not only under Spin*{2N') but under 
SU{2) X Spin*{2M) for any M . The existence of the SU{2) invariant tensor Sap allows 
us to impose the representation halving condition 



replacing the Majorana-Weyl condition (which would not work by itself) by a symplectic 
Majorana- Weyl condition. In this way the boson-fermion balance necessary for super- 
symmetry can be restored. 

Let us explain a bit more explicitly how this works for A/" = 6 and A/" = 8. For 
simplicity of notation, we will now write = ^ and give all formulas with two signs, 
the upper ones corresponding to the non-compact group Spin*{2^/), and the lower ones 
to the compact group Spin{2M). For A/" = 6, the chiral spinor can be written as 



{^*\\)T = e' 



a, 



|A), 



(B.20) 




on which the coset generators act as 




(B.22) 



The (pseudo-) anti-involution is defined as follows 



★ 1^) := [Z±T.ija 




and is preserved by the transformations 



5w = 2A'^Z,j 
5Z = 2A,;,,S^^' 




2 



(B.24) 



For an antichiral spinor we have 




(B.25) 



and the (pseudo-) anti-involution reads 




(B.26) 



93 



Finally, for maximal supergravity, the relevant group is Spin* (16), and a cliiral Weyl 
spinor can be represented by the state 

1^) = (w + Zijtt'a^ + Eijkia'a^a'^a^ + Zijkimna'a^ a^a^a'^a'' 

+w,,kimnp,a'a^a^a}a^a^d>a''^ |0) . (B.27) 
The anti-involution is then (where the lower sign is for Spin{lQ)) 

1 1 

4! "''^''""^'^ Q^ '^ijklmnpq ^ U U U U U U 

+ ^eijkimnpqW a'a^a''a^a"'a''aPa''^ |0) . (B.28) 

Similarly, for an antichiral spinor one has 

Ix) = (i'ia' + Xijka'a^a^ + Xijkima' a} cT + ^i^kimnpa'a^ a^a^aJ^a'^aP^ |0) . (B.29) 
The anti-involution -k of Spin{lQ) corresponds to the pseudo-anti-involution of S'pin*(16), 

^ Ix) = (y^^ijklmnpq'4^'^ ^'^ CI -\- ij klmnpq X '^'^ (X d'^ (X 

±^e,,MrnnpqX''''' a'a^a'^a'a^ + ^e.jMrnnpq^ a'a^a^^ |0) . (B.30) 
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